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1. Introduction:

This paper deals with the study of asymptotic behavior and boundedness of fourth order
nonlinear difference equation of the form,

A(rpA(snA(QnAxp))) + Png8(Xn—t+1) — Pn+18(Xn—t+1) = Tn 1)

where {rp}, {sn}, {tn}, {Pn+1}, {Pn}, {tn} are sequences of positive real numbers with r, > 0,
sn >0, q, >0, p, >0, T, >0, g is real valued function and t is positive integer. The
nontrivial solution of (1) is oscillatory if the terms of sequence {x,} are neither eventually
positive nor eventually negative and nonoscillatory otherwise. Also, (1) becomes almost
oscillatory if every solution {x,}is either oscillatory or satisfies lim,_ Alx, = 0 for i =
0,1,2. The purpose of this paper is to establish necessary and sufficient conditions for
asymptotic behavior and boundedness of fourth order nonlinear difference equations. The
difference equations are applied in the field of statistics, economics, biology, etc see for
example [1-8]. The results achieved from this paper motivate the studies on higher order
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difference equations. The paper is organised as follows: In section 2, the methodology is
stated. In section 3, the conditions of almost oscillatory solutions of (1) are obtained. This is
followed by determining the conditions for boundedness and asymptotic behavior of (1). In
section 4, the conclusion is provided. We illustrate the results with few examples.

2. Methodology

The asymptotic behavior and boundedness of fourth order nonlinear difference equations are
studied by means of contraction mapping principle, summation averaging technique and
comparison method.

3. Main Results

Theorem 1: Letr, = s, = q, = 1 and assume there exists a positive sequence {¢,} and an
oscillatory sequence {{s,} such that A(r,A(spA(qpAxy,)) = T, With lim Ay, =0 fori =
0,1,2,3. If

oo

D 0% (o = paar) = 0 )

n=ng
then (1) is almost oscillatory for every bounded solution {x,}.

Proof: If x, > 0 and x,_.,, > 0 for all n then from (1) we have,
A(rnA(SnA(anXn))) =Tn + pn+1g(Xn—t+1) - png(xn—t+1)
We consider {A3x,} as,

A3Xn = (pn - pn+1)¢n+3g(xn—t+1) - 3A¢n+2A(SnA(QnAXn) + 3A2¢n+1A(anXn)
— A3 bn(dnlxp)

Let {x,} be a nonoscillatory solution such that {x,} is positive. Define a function y,, as,

Yn = Xn — Yp
To prove the theorem we define the following 2 cases:

Case 1: If {y,} is positive then {Ay,}, {A%y,} and {A3y,} are eventually of one sign and
monotonic, hence {A3y,} is an increasing sequence. To prove this we assume {A3y,} to be
eventually negative. Since {Ay,} is decreasing, then eventually it must become negative. This
is a contradiction and thus {A3y,} > 0.

Case 2: If {Ay,} is negative then lim x,, = lim y, = h where h is a nonnegative number. In
n—-,oo n—-oo

order to prove this we take {Ay,}to be positive then {A3y,} = 0. This implies {y,} to be

unbounded and gives a contradiction. Thus {Ay,} must be eventually negative. Now to show

limx, = lim y, =h it is sufficient to prove h = 0. Consider Ax, with the positive
n—»>oo

n—oo

sequence {¢,} and taking summation from n to j by the fact {A3y,} = 0 then,
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_A3Yn + Z(pv - pv+1)g(xv—t+1) <0
v=n
Now summing from j to k we have
K
_AZ z Z(pv Pv+1)8(Xy—t41) | <0
n=j \v=n
Repeating the above procedure we get,
AYn + Z Z(V —n+ 1)(pv - pv+1)g(xv—t+1) <0
n=j =
Taking summation from to oo,
(S (e w=n+ D)V —n+2)
v—n vVv—n
Ayn + z z 5 (Pv — Pv+1)8(Xy—t41) <0
k=n \ j=n \v=n

Or a final summation from N to oo yield,

h_yn+§:((v—N+1)(v—N+2)(2v—2N+3)

6 ) (pv - pv+1)g(xv—t+1) <0

where h is a positive constant. From (2) and above equation we get,
liminfx, g(X,_t4+1) = limy, =0
n—oo n—oo

This contradicts our assumption and the theorem is proved.

Example-1: We consider the following difference equation,

204 21(=1)"
900 (30 - 21(—1)n)Xr21 = W

A*x, —

(3)

It satisfies all the conditions of Theorem 1 with {{,} = {(;%)n} Hence the bounded solutions

of (3) are almost oscillatory and {x,} = {j—ﬁ} is one such solution.

ASYMPTOTIC BEHAVIOR OF DIFFERENCE EQUATION

The necessary and sufficient conditions of asymptotic behavior of (1) are obtained. We do
not require p, > 0 and p,,; > 0. LetR,, S, Q,, D,, be defined by

=T S =ZEL D Qe =3, AD, = p i
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Theorem 2: Let f() be non-decreasing and h > 0 be a constant such that r,, > h for all n >
n,. If

Z [Dnt+1 + Ru+1Sn+1Qn1] [Tnl < o0
n=ng

and

Z [Dn+1 + Rn+1Sn+1Qn+1] [Pn — Pnt1l <o
n=n

=no
then (1) has bounded nonoscillatory solution that approaches a nonzero limit.

Proof: Take x,_t4+1 = h/2 for h > 0 then we have,

= h
Z [ Dn+1 + Rn+1Sn+1Qnt1] Itnl < Z

n=ng

and

z [ Dn+1 + Rut1Sn+1Qn+1] IPn — Pnt1l <
n=n

=Dp

4f(2h)

Let By be the Banach space and £ € By and define W: £ — By,

W0 =242 Y (=4 D=1+ 2) (PvEC-t1) ~ PusagGruosen)) 1)

3h <
(WX =224 D K@@y = Pusn)gFv-re) = T)

where K(Vr 1’1) = Dy4+1 = Dn = RpSy41Tv41 = RytaSv1Th = Ry1SnTys + RosaSvsa Tosa
From Theorem 1 we observe thatX = {x,}. Thus (1) has nonoscillatory solution that
approaches a nonzero limit.

Example-2: Consider the following difference equation,

-1)n 43n?% — 76n — 60
A?(n%A%x,) — 271 <1 + D X2Y—1>< )

2n n—m 8

—1)n+1 Y
- (2213+4 (55=) (@30* = 76n - 60) 4)

where vy is a ratio of the odd positive integers. Every condition of Theorem 2 are satisfied so
(4) has a bounded nonoscillatory solution that approaches a nonzero limit.
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The succeeding theorem is a special case of Theorem 2. We provide examples for proving the
results.

Theorem 3: Letr, = s, = q, = 1 and g be non-decreasing. If

[o0)

Z n? |pn _pn+1| <o

n=ng

and

o)

anlrnl<oo

n=ng
then (1) has nonoscillatory solution that approaches a non-zero real number as n — oo.

Proof: Let h > 0 be given so that

o)

g n |p]l p]l+|| <
n=N

and

[e0)

h
2

<_

Zn Il <5

n=N

Let By be a Banach space for every real sequence X = {x,} with norm,

IIXIl = suppsn 1Xnl

Define W:1 - By and by h < x, < 2h we get,

h = — — —
(WX)n = 37 + Z <(V nt D@ -n+2)(@2v-2n+3) (Pv8(Xy—t+1) — Pv+18(Xy—t+1)

6
—m)

Thus ¢ is closed, bounded and convex subset of By. Now to show T maps ¥ into itself then,

3h| X h
w0 = 2] < > v2Upy = puaalg@) + oD <5

t=n

LetY = {y,} and X' = {x}} such that ||X! — Y|| = 0 then the continuity of g shows that

lim|| (WX — (WY)n|| = 0
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Hence W is continuous. Now to show W< is relatively compact. Let X = {x,} € £ for any
k > n > N and W¥ is uniformly Cauchy we have,

(0]

Wity = Wl < )" v2(1py = yea|821) + I, 1)

t=n

For given ¢ there exist an integer N; such that k > n > N; then |[Wx, — Wyy| < &. Thus W¢
is uniformly Cauchy and hence W+# becomes relatively compact. Thus (1) has nonoscillatory
solution for X = {x,} with required properties.

Example-3: We consider the following difference equation,

4 n 1 no(n+1)/2 2 n+1 (ﬂ)
Atx, — 2 (E“‘D 2 )xn=(—1) 22 (5)

for n > 3 that satisfies all the conditions of Theorem 3. Thus (5) has nonoscillatory solution
that approaches a nonzero real number. In fact, {x,} = {zin} is one such solution.

BOUNDED SOLUTION OF DIFFERENCE EQUATION

We establish the necessary and sufficient conditions of boundedness of every nonoscillatory
solution of (1). Assume the following,

-1 w1 «wi1

IR

e B R e
then solutions of (1) are either type (i) or type (ii).

Lemma 1: Any nonnegative solution {x,} of (1) belong to the below classes:

If x, > 0and Ax, > 0then A(s,A(qpAx,)) > 0 (i)

If x, > 0and Ax, > 0 then A(s,A(qpAx,)) <0 (ii)
If x, >0and Ax, < 0then A(s,A(quAx,)) > 0 (iii)
If x, > 0and Ax, < 0then A(s,A(qnAx,)) < 0 (iv)

for all sufficiently large n.

Proof: Assume {x,} to be an nonnegative solution of (1). From (1) we have A(q,Ax,) > 0
and A(ryA(spA(qnAxy)) > 0 s0{A(s,A(qnAx,))}, {Ax,} and {x,} are eventually of one
sign. Hence the lemma is proved.

We consider solutions of types (i) and (ii) only for proving the rest of the theorems.
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Theorem 4: If g is an increasing function and g(x)/x is a decreasing function for x > 0 then,

© o -1
>y }z@—m pirn)) < o0 ()

Here every solution of type (i) is said to be bounded.

T
=

Proof: Assume {x,} to be an unbounded solution of (1) and ifx, >0, Ax, > 0,
A(spA(tyAx,)) > 0 then,

_ [ _ ] ( ) _ A(rnA(SnA(QnAXn)))
Tj Pn Pn+118Xn-m+1) = g(xn—t+1)
_ rn+1A (Sn+1A(qn+1AXn+1))) . rnA(SnA(QHAXn)))
B 8(Xn-ts1) 8(Xn_t+1)
Ip14 (Sn+1A(qn+1AXn+1)) rnA(SnA(anXn))
> —
B g(Xn—t+1) g(xn—t)
lrnA(SnA(anXn))l
=A
g(Xn—t

Summing fromi=N toi=j—1,

j—1
rNA (SNA(QNAXN)) (S]A(q]AX ))
i — [pi — pislgxice1)) + 2
Y e
Hence,
8 o o 2 2]
r]_ £ 1 Pi Pi+118\Xj—t+1 r]'g(XN—t) = g(xj—t)

_ 5in18(a8%1) — 518(q8)

B g(Xj—t) - g(Xj—t)

_ |siA(aAx)
-4 [ g(xj—t—1)

Summing again fromj=N toj=k— 1,

k-1 -1 k-1
1 z rnA (syA(quAxy))
; (Ti - [pl - pi+1]g(xi—t+1)) + I (X )

j=N Ji=N J=N BN

- skA(qrAxy) B sNA(qnAxy)
- g(Xk—t—l) g(Xn_t-1)
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Hence
k-1 - k-1
11 1 O rnA (snA(gqeAxy))  snA(qnAxy)
I Z(Tl pi+1]g(Xi—t+1)) + S_Z I (X ) + S (X )
] < T &= kl.zN P8\ XN-t k8\XN—_t-1
A(qA
> (qAxy)
f(xk—t—l)
Qr+18%k+1  QrdXk
g(Xk—t—l) g(Xk—t—l)
Qk+1AXk+1 qrAxy
(Xk t— 1) (Xk—t—z)
Ax
=Al qxAXk
g(Xk—t—Z)
A final summation fromk = N tok =1— 1 yields,
-1 k-1 j-1 1-1
1 I'NA (SNA(QNAXN))
S_Z ;Z(Tl [ p1+1]g(X1 t+1)) + Z S 2 I (X )
=N Ki=N JiEN k4 j8(XN-t
1-
Z sNA(qnAxy) Qdx;  gnAxy
&= Sk8(Xn—t-1) g(xl_t_z) g(xn_t—2)
-1 k-1 j-1 1-1
1w 1 rnA (snA(qnAxy))
S_ I'_ (Tl [ p1+1]g(X1 m+1)) + Z S Z T (X )
k=N CKiIN N k 4 18 \XN-t
1-
Z sNA(gnAxy)  qnAxy S q14x,
= sk8(Xnot-1)  8(Xn—p—2) g(Xl—t—Z)
Hence,
M1 1O 1% 15 rnA (snA(andx)
X] N N NAXN
X S a s luT (ti — [pi = pir1)gGizesn)) +—z S—z Fe (e
L NSRS D= Sk B XN-t
1-1
1\ snA(gudxy) N qNAXN
q1 k=N Skg(XN_t_l) qlg(XN_t_z)
Here g(x)/x is non-increasing for x > 0, so we have,
-1 k-1 j-1
Axl g(xN) AX1 g(xN) 1 1 1
= = - - - (Ti — [pi — pi+1]g(Xn—t+1))
X] XN XN q) & Sk bemd T b
k= j=N “i=N
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-1 k-1 1-1
L8 1 Z 1 z rd (snAandxy)) | glxn) ( 1 ) Z snA(qnAxy)
XN R Sk rig(xn—) XN\ Sk8(XN-t-1)
X Ax
+g( N)( ONAXN ) (E1)
Xy \QDf(Xy_i—2)
Final summation froml=N tok=n-1
S
X X X
— = —2 - —F = log(4x,) — log (xy)
= X Xn XN

Now summing both sides of (E1) we get,

n-1 n-1  1-1 k-1 J-1
Ax;  g(xy) 1 1 1
= S x - s_z .y (Ti —[pi — pi+1]g(Xi—t+1))
=~ ! N USRI
n-1 _ 1-1 k-1
g\ 1\ 1\ nvA (snAlanAxy))
AN =1 &Sk = rjg(Xn—)
n—1 1-1 n—1
+ g(xn) Z 1 X snA(gudxy) 4 g(xn) i( qnAXN >
AN HDEE, skf(Xy_¢-1) XN & g(xn_t—2)
This implies,
( )n—l 1 1-1 1 k-1 1 -1
8\XN
log(Axy) —log (xy) < - -/ = (Ti — [pi = pi+1]g(Xn—t+1))
N OARVZRRIE
= = j=N 7 i=N
n-1 _ 1-1 k-1
+ g(xy) Z 1 1\ nA (snAlanAxy))
AN H U, Sk = rjg(Xn—)
n—1 1-1 n—1
+ g(xn) iz snA(gnAxy) 4 g(xn) l( qnAXN >
XN = qi & sk8(XN—t-1) XN = a1 \8(XN-t-2)

From (1) it follows the convergence of series given as,

dadad

=1 k=1 “j=1 )

2 |

Here we observe that x, converges, so {x,} is bounded which is a contradiction. Thus the
proof is completed.

Example-4: We consider the following difference equation,
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A%((n+ 1)A%x,) = (04 3)Xp4s + (50 4 Dxpyp — 2[(20 + 5)xpy5 + (0 + Dxpyq] + 1
(6)

Here every condition of Theorem 4 is satisfied and { x,} = {ﬁ} is one such solution of (6).

Theorem 5: If the condition (E) holds then every solution of type (ii) is bounded.

Proof: Let {x,} be a solution of (1). Ifx, > 0 and Ax,, > 0 then A(s,A(qnAx,)) < 0, hence
summing from n = Nton =i — 1 we have,

siA(q;Ax;) < syA(qQNAXN)

syA Ax
Mgy < AN

1

Summing again from i = Ntoi =j— 1 then

j—1

SnA Ax 1 Ax

Ax; < nA(qn N)Z__I_QN N
qj 1—NSI q]

Final summation from j = Ntoj=n — 1 then

j-1 n-1 n—1
1 1 1
Xy < sNyA(qnAXy) E — E — + qnAxy E —+ XN
bed Sj =i (] b (]
i=N " j=N j=N

As (E) implies below condition,

o1 w1

E — = E — < o and syA(gnAxy) >0
— Sp — (p

n=1 n=1

the solution {x,} must be bounded. This completes the proof.
Example-5: We consider the below difference equation,
A(A((n + 1)A%x,))
(=1 n®

T+ dHm+3)m+2)m+ 1)
+ 4]

[38x3 + 26x} + 153x3 + 122x2 + 38x,

(")

Thus every condition of Theorem 5 is satisfied. Here {x,} = {%} is one such solution of (7).
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Conclusion:

From this paper we conclude that the necessary and sufficient conditions for asymptotic
behavior and boundedness of (1) are established using contraction mapping principle,
summation averaging technique and comparison method.
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