Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

On the Detour Based Indices

Gopika S.%, Lakshmi Anil T, P. D. Aiswarya 2, Supriya Rajendran °

Article Info Abstract

Page Number: 951-966 o ) ) )
Publication Issue: Topological index is a real value associated with a graph that should

Vol. 71 No. 35 (2022) be structurally invariant. Many topological indices were defined, and
many among them have been used to model chemical and
pharmacological properties, as well as many other features of
molecules. We study two topological indices based on detour
distance. Detour index for any graph that is connected is defined as
maximum distances or detour distances between every unordered
paired vertices of G. Detour Harary index for any graph that is

Article History connected is defined as the sum of reciprocal of the maximum
Article Received: 22 April 2022 distances or detour distances between every unordered paired
Revised: 10 May 2022 vertices of G. Here, in this paper we establish formulae to calculate
Accepted: 15 June 2022 the Detour index and detour Harary index of a few graph structures
Publication: 19 July 2022 and also corona product of two particular graphs. Also we compare

the results for both these indices .

1 Introduction

Let G be a simple connected graph with V(G) as the vertex set and E(G) as the edge set. If any
two vertices a,b € V(G) are considered, the distance between them, denoted by d(a,b), is
defined as the length of the shortest path between a and b in G, whereas the detour distance,
denoted by D(a,b), is defined as the length of the longest path betweena and b in G.

Topological index is a real value associated with a graph that should be structurally invariant.
Many topological indices were defined, and many among them have been used to model
chemical and pharmacological properties, as well as many other features of molecules. [1].

Wiener index [2] for any graph that is connected is defined to be the sum of shortest distances
or simple distances between every unordered paired vertices of G.

W(G) = Xi<isjsn  d(ViV))

Wiener index is known as the first mathematical invariant which reflects a molecular graph’s
topological structure. It is one of the most widely used topological indices which have high
interdependence with numerous physical and chemical properties of molecular compounds
(for more on Wiener index refer [3] and [4]). This index was introduced by Harold Wiener
and he developed this to find out the physical properties of paraffin in 1947.
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If we are using the distance matrix (an n x n matrix consisting of all distances between vertices
viand vj with vertex set {vi,v,...,vn}) then, the Wiener index is half the sum of the distance
matrix’s off-diagonal elements.

Detour index [5] for any graph that is connected is defined to be the sum of maximum
distances or detour distances between every unordered paired vertices of G.

®(G) = X1sisjsn  D(Vi,Vj).

The graphs with minimal and maximum detour indices for the n-vertex unicyclic graphs with
cycle length r (where 3 <r <n — 2 for n > 5) were found in [6], as were the bounds for the
detour index.

If we are using the detour matrix (an n x n matrix consisting of all detour distances between
vertices viand vj with vertex set {vi,v»,...,vn}) then, the detour index is half the sum of the
detour matrix’s off-diagonal entries. Frank Harary [7] proposed the detour index into
mathematical literature in 1969 and it was discussed by Buckley and Harary [8] in 1990. It
was instigated into chemistry under the title “the maximum path matrix of a molecular graph”
[9, 10, 11, 12, 13] in 1994 and theoretical graph theory contribution to find some interest in
chemical literature [14, 15, 16, 17, 18, 19, 20, 21, 22].

Another important index which we are discussing here is the Harary index, H(G), which was
established in 1993 by Plavi et al. [23] and Ivanciuc et al. [24] independently. On the occasion
of Professor Frank Harary’s 70" birthday, the Harary index was named after him. The Harary
index is defined as, sum of the reciprocal of distances between unordered pair of vertices of
G.

H(G) - 215-::4,‘9.. d(+h)
The Harary index is equal to half the sum of the reciprocal of the off—diagonal components of
the distance matrix while using the distance matrix.

Detour Harary index [25], ®H(G) for any graph that is connected is defined to be sum of the
reciprocal of maximum distances or detour distances between every unordered paired vertices
of G.

wH(G) = Yi<icj<n ﬁ

The detour Harary index is half the sum of the reciprocal of the detour matrix’s off—diagonal
components while using the detour matrix.

In [25], it is mentioned that the Detour—Harary index and Harary index of a tree graph are the
same and they studied the Detour—Harary index for some topological structures containing
cycles. In this paper we are establishing the formulae to calculate Detour index for complete
graph, cycle, wheel, friendship graph, lollipop graph, starred complete graph, n-partite graph
and a graph obtained by performing the graph operation corona and found the formula to
calculate the Detour Harary index for complete graph, wheel, friendship graph, starred
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complete graph, n-partite graph and a graph obtained by performing the graph operation
corona.

2 Detour Index

A complete graph is a simple undirected graph with a unique edge connecting every distinct
pair of vertices. K,, denotes the complete graph with n vertices. [26]

Theorem 2.1 If G = K, with n > 3 then,
w(G) = M
Proof:
Consider K, with vertex set, V(G) = {Xq,X3,...,Xp}-
Distance between any pair of vertices (Xi,xj) where (i,j) € [1,n] withj > i
i.e, d(x;,x;) = 1.
Detour distance between any pair of vertices x;, xj isn — 1.
D(x;,%) =n—-1
Consider a vertex x; ,
Distance from x; to all other vertices [i.e, (n — 1) ] vertices is then (n — 1)2.
Total number of vertices in K,, = n.

Sum of detour distances of every pair of vertices,

i D(zy, ;) = n(n — 1)

i,j=1
therefore Detour index,

M(G) — T](ﬂfl)z

2

A cycle graph Cn, sometimes simply known as an n-cycle, is a graph with n vertices and a
single cycle that passes through all nodes. [27]

Theorem 2.2 If G = C,,, withn > 3, then,
whennisodd, «@(G)=g§mn—1)(@3n—1)

’!12 p
when n is even, “(G) =5 (3n—4)

Proof:

Consider C,with vertex set, V(G) = {x4,X5,...,Xn}-
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Case 1: When n is odd
D(x;,Xi+1) = (n = 1)n
D(xi, Xi+2) = (n = 2)n
D(éT?f:IiJr(%)) =(n—(n—3)n
In general,
D(wi, ;) = nl(n— 1)+ (n = 2) + .. + (n— (25Y))].

Therefore,

n—1

Yici D(@i, ) = n[X)2, (n — k)].

So, the detour index ®(G) 1s defined as,

W(G) = Ty D, ;)

=[S, (n — k)]
=2(n—1)3n—1)

8
which is the detour index of cycle with odd number of vertices.
Case 2: When n is even
Dy Xi+1) = (n — 1n

D(xiXi+2) = (n — 2)n

D(Ti,f]?i+(n7—l)) =(n—(n—-3))n
D(xi,ziyn) = (5)n

In general,

D(wi,a;) =n((n—1)+ (n—2) + ... + (n — ("53)) + ).
Therefore,
Yicj D(xiyxj) = ’”[Zi(’” —k)+3].

So, the detour index ®(G) is defined as,

n—2

W(G) = Liey D(wiy ) = n[33 2 (n — k) + 3] = % (3n — 4)
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which is the cycle’s detour index when the number of vertices are even.

A wheel graph is a graph formed by connecting a single vertex to all vertices of a cycle. While
some authors [28] use Wnto denote a wheel graph with n vertices (n = 4) some others [29]
use Wy to denote a wheel graph with n + 1 vertices (n > 3), which is formed by connecting
a single vertex to n vertices of a cycle. In the rest of this article, we use the latter notation.

Theorem 2.3 If G = W,,, withn > 3, then,

Proof:
Consider Wy, with vertex set V(G) = {x4,X5,...,Xp}-
The detour distance between any two pair of vertices (xi,xj) =n

Total number of such pairs =2-i—1 ¢

W(G) = Yicj D(xy, 25)
=nY il i=nx3(n(n+1))=3n*(n+1)

The friendship graph (or Dutch windmill graph)F, [31] is a planar undirected graph with 2n +
1 vertices and 3n edges [30] which can be formed by joining n clones of the cycle graph
C; atacommon vertex.

Theorem 2.4 If G = F, withn > 1, then,
w(G) =2n(4n—-1)
Proof:
Consider F, having vertex set V(G) = {x1,X3, ..., Xan+1}
The detour distance between any two pair of vertices (xi,xj) is denoted by
D(x;,x;) where (i,j) € [1,n] with i < j
case 1 : Detour distance from the central vertex to all another vertex = 2
There are 2n such vertices.
Therefore, the sum of detour distance from central vertex to all other = 2 X 2n = 4n
case 2: Detour distance from non-central vertex to other non-central vertices of
a) Same cycle =2
There are n  such vertices
Therefore, the sum of detour distances of such vertices = 2 X n = 2n

b) Different cycle = 4
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Number of such vertices

=;4(i—1)

=2n(n — 1)
Therefore,
the sum of detour distance of such vertices = 4 X 2n(n—1) = 8n(n — 1)
w(G) =4n+ 2n + 8n(2) — 8n = 2n(4n —1).

An (n, m)lollipop graph [32] is a special type of graph consisting of a complete graph on n
vertices and a path graph with m vertices, connected with a bridge.

Theorem 25 If G = K, P, , withn > 3,m > 2, then,
w(G)=%n—-124+2(m+1)(m+2)+%Z(n—1)2n+m—1)

Proof:

Consider K, with vertex set {y, x4, X5, ..., Xp—1} and P,  with vertex set {y, y1,y2, -, Ym}
Let y be the vertex common to Kyand P

From Theorem 2.1, Detour index of complete graph

K, =%(n—1)

From Result , Detour index of path

Py =2(m* —1)

Here, by definition of lollipop graph, there is an extra edge(bridge) from the vertex u.
So, Considering the pathy — y; —y, — ... —Vm,

Detour index of path

P = (m—gl)((-’m +1)2—1)=%2(m+1)(m+2)

Consider vertex x,

Detour distance fromx; toy=n-1

So, Detour distance fromx,;toy; = (n—1)+i  [where,1 <i<m]

Sum of detour distances between pair of vertices

Vol. 71 No. 3s (2022) 956
http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

2326-9865
m
Gay) = ) (1=1+0)
i=1
Since therearen — 1 such Zi5, total sum of detour distances between pair of vertices

(xi, Yj)

(n—1)x¥" (n+i—1)
(n—1)[mn —m+ mz%")]

_ %(n —12n+m—1)

Detour Index of K, Py, ,

M(G) — T},37§n+‘ﬁ, + m(n#g}m+2) + %(n o 1)(2” +m— 1)

Let K, be a complete graph on n vertices. The graph obtained by identifying one vertex of K

with central vertex of star K, ,,, is called starred complete graph [33]. It is represented as
KpSp -

Theorem 2.6 If, G = K,S,, with,n = 3, m > 1, then,
w(G) = ”("—;1)2 +m?* +n(n—1)m
Proof:

Consider K, with vertex set {u,u,u,,...,u,_q} and Sm be a star with vertex set

{u,vy,vy,...,vn}
Let u be the identified vertex which is common to K, and Sn.

Detour index of complete graph

- _ n(n—1)*
A'l’l - 2

Detour index of star Sm= (m — 1)?, where m is the number of vertices of star.

But in the graph Kn\Smwe are considering m as the number of leaf vertices of the star.
So here, m=m + 1.

Therefore, Detour index of Sm=m?

Now, Detour distance from ui’s to vi’s and vice versais,(n— 1)+ 1=n

Since there are (n — 1)m such pairs,

Sum of detour distances between all such pairs of vertices= n(n — 1)m.

Therefore, Detour index of starred complete graph

w(G) = ”("T_l)z +m* +n(n—1)m
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An n-partite graph [34] is a graph whose graph vertices can be partitioned into n disjoint sets
so that no two vertices within the same set are adjacent.

Theorem 2.7 If, G = Ky, _,withn > 3, then,
®(G) = (Sn— 1)SnC>
Proof:
Consider K, , _, be an n-partite graph having vertex set
{uig, g2, 0k, U {ugg, Ugy, .., Ugk, 3 U U {upg, Upg, -, Upg } Where, n > 3,
Detour distance from every upto every uyy,,, =Sn—1
And there are ShC> such possibilities
Therefore, Detour index of n-partite graph,
o(G) = (Sh— 1)SnC>

The corona product [35] of two graphs G and H is defined as the graph obtained by taking one
copy of G and |V (G)| copies of H and joining the i" vertex of G to every vertex in the i copy
of H.

Theorem 2.8 If G = K,,5p,, Where K, is a complete graph with n = 3 and P, is a path with
1 vertex, then,

w(@) = ynr,.[—(”;l)2 +n(n—1)+ ”27_1 + 1]
Proof:

Consider K, with vertex set {uy, u,,...,u, } and let {vy,v,, ..., v,} represent the outer vertices
P1.

From theorem(2.1), detour index for complete graph is
2(n—1)?

Consider vertex u,

Detour distance fromu,tovi=(n—1)+1=n

Since there are (n — 1) such ui’s

Therefore, Total of detour distances between pair of vertices
(upvj) =n(n—1)xn

= nz(n -1)
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Consider v,

Detour distance fromvitovi=n+ 1

Therefore, Total detour distance between pair of vertices
(vi,vj))=(m+ DHm—1)xn=n(n-1)(n+1)

Detour distance between pair of adjacent vertices ujand vi=1
There are n such pairs

Therefore, Sum of detour distances between (u;, v;) = 1 X n = n Therefore, Detour Index of
K, © P, is,
w(G) =%(n—1)? + n*(n—1)4+nn—-1n+1)+n

—n[(" b* —I—n(n—l)—i—”{l + 1]

3 Detour Harary Index
Theorem 3.1 Let G = K,,, where K, represents a complete graph havingn > 3. Then,
wH(G) =3

Proof:
Consider K, to be a complete graph having its vertex set as {vq,v,,...,vn}

Reciprocal of detour distance between vertices v;and v;, 1 < i,j < nin a complete graph
is,

1 1

D(vivi) — n—1

Consider vertex v,

Since there are n — 1 pair of vertices with v;, sum of reciprocals of the detour distance
between vertex viand all other vertices will be

1
n—1

xn—1=1

Total number of vertices in K, =n

Sum of reciprocals of detour distance between all the paired vertices is,
P lm—nxlzn

Detour Harary index of K,,,

|
wH(G) = Xi<icj<n Bl — 2

Theorem 3.2 Let G = W,,, where W, represents a wheel graph with n > 3. Then,
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Proof:
Consider W, to be a wheel graph with its vertex set {vy,v,,..., v, }.

The reciprocal of detour distances between the vertices v, v;, 1 < i,j <nis,

1
D(vivg) n

Total number of such pairs are

k=1F
Detour Harary index of W,,,
WH(G):ZKJm:fXEE:lk:iX w =25
Theorem 3.3 If G = F,,, where F,, is a friendship graph, withn > 1 then,
wH(G) = "2

Proof:

Consider F,, to be a friendship graph with the vertex set {vy,v,,..., Von4+1}-

. . .1
Case 1: Reciprocal of detour distance from the central vertex to all another vertex is 2There
are 2n such vertices.

Sum of reciprocal of detour distances from central vertex to all other vertices= n

Case 2: Reciprocal of detour distance form non-central vertex to other non-central vertices of
1

a) Same cycle =2

There are n such vertices.

[
2

Sum of reciprocal of detour distances between such pair of vertices= 2
b) Different cycle =

Number of such vertices,

Y4 —1)

=2n(n—1)

A . i 1 s _n(n—-1)
Sum of reciprocal of detour distances between such vertices= 1 * 2n(n —1) = =5

Detour Harary index of F, ,

wH(G) =—n+ % + n(n=1) _ n[n‘+2)

2 2
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Theorem 3.4 If G = K,,S;,, , where KnSm represents the starred complete graph withn >
3,m > 3then,

wH(G) =2 +m+ ™o  m@ 1)

Proof:

Consider Knto be a complete graph having its vertex set as {u,u;, u,,...,u,_1} and Sy be
considered to be a star graph having it’s vertex set as {u, vy, v,,..., vy} Consider u to be the
identified vertex that is common to Knand Sm,

From theorem 3.1 detour harary index of complete graph = 2

: . 1_
Sum of detour harary distance between vertex uand Vi = 7 X ¢ =1

. . . =1
Detour Harary distance between pair of vertices Vi» Vi = 2

. - - 3. ".—L m—1¢, 4
Sum of the detour distance between pair of vertices Vi Vi = 5 X iy (m — i)

=L x [m(m—1) — @) — m(mp )

Detour Harary distance between pair of vertices “> Vi = 7

1 m
Sum of detour Harary distance between pair of vertices “i» Vi = » X (n—=1)xm = 2(n—1)
Detour Harary index of KnSm,
wH(G)=2+m+ 7?”(?271) + 2(n—1)

Theorem 3.5 If G =K;, ,where, K, , represents the n—partite graph having n > 3
then,

wH(G) — SnCs

Sn—1

where, Sy represents the sum of elements in each set of K; , .
Proof: Let K; , , be an n— partite graph having vertex set

{ull, Uqz,..., ulkl} V) {u21, Uyo, .. .,u2k2} u...Uu {unl, Upo, -0 unkm} Whel'e, n>3.

, _ 1
Detour Harary distance from every uy, to every “kit1 = 5,-1

There are SyC> such possibilities,
Detour Harary index of Ky, .
wH(G) = $%

Theorem 3.6 Let G = K, o P;; where K;, represents a complete graph havingn > 3, P, is
a path with 1 vertex, then,
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wH(G) =35+ ] -1

Proof: Consider K,, to be a complete graph having vertex set {u,u,,...,u,}. Let
{v1,Vy,..., vy} represent outer vertices of Pi.

From theorem 1.9, detour harary index of complete graph = 2

Consider vertex us.

1

Reciprocal of detour distance from “1 10 U1 =5
Since there aren — 1such v;'sand nsuchu,'s

Sum of reciprocal of detour distances between pair of vertices u; and v;
1
=H><(n—1)><n=(n -1

Consider v;.

1. — ;
Reciprocal of detour distance from v, to any ¢ ~ ntD)

Since there are (n — 1) such vis, total of reciprocal of detour distance between pair of
vertices vjand v j

1 n(n—1)
= x(n—1)xn=—-—=
np @ Dxn==r

. . . . : bo— 1
Reciprocal of detour distance between pair of adjacent vertices “i> Vi = 1 = 1

Since there are n such pairs, sum of reciprocal of detour distances between u;,vi=1=n

Detour Harary index of G = K, Py

WH(G) = § + (n — 1) + o) + =4[5+ ()] — 1

4  Results
Result 1: In a complete graph, the relation between Detour index and Detour Harary index is
o(Kn) = (n — 1)/[oH(Kn)]

Proof: From theorem(2.1),
2 (1)

From theorem(3.1),
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E
2 )
Dividing 1 by 2,

- B(p— 2 .
w(Kn) _ 2( 1) — (n _ 1)2

wH(K,) &

Therefore,

o(Kn) = (n — 1)? x ®H(Kx)

Result 2: In a wheel graph, the relation between Detour index and Detour Harary index is
©(Whn) = nY[0H(Wn)]

Proof: From theorem(2.3),

2(n+ 1
w(W,) = n*(n+1)
? 3
From theorem(3.2),
n+1
wH(W,) =
(Wa) 5 “
Dividing 3 by 4,
nz(n-H) )
wwh("('ii)) = é = n?
Therefore,

©(Whn) = n?x oH(Wh)

Result 3: In a Friendship graph, the relation between Detour index and Detour Harary index
§

4(4m—]1
w(F,,) = Eerg)l)[WH(Fm)]

, _ n—1
where,”* = "5~

Proof: From theorem(2.4),

®(Fm) =2m(4m — 1)
From theorem(3.3),
m(m + 2)
H(F,) = ———
Dividing 5 by 6,
w(Fm) _ 2m(4m—1 _ 4(4m—1)
‘-‘)H(Fm) o w - ('m—i—?)
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Therefore,

w(F,,) =m-1 « wH(F,,)

(m+2)

Result 4: In an n-partite graph, the relation between Detour index and Detour Harary index is
o(K1,2,...n) = (Sn — 1)? [oH(K1,2....,n)]
Proof: From theorem(2.7),

®(K1,2,...,n) = (Sn — 1)SnC2

From theorem(3.5),

WH(I{LZ....H) -

Sn—1 ®)
Dividing 7 by 8,

I""'(I‘II‘Q ..... n) . (‘Sn*l)sncfg . 2
wH(Kl.Z.....TF,) o ‘3“-0% 7 (SH. - 1)

Therefore,

o(K1,2,...n) = (Sn— 1)’ x ®H(K1,2....,n)

5 Scope for further research

Topological indices for molecular structures can also be established in similar way that we
established these indices for the graphs including starred complete and n-partite graph. If there
exist correlation between their physical properties and these indices, it can be useful to study
such properties.

We can apply the topological indices discussed here to any type of graphs that would model
a molecular structure. From these indices, we can analyse the mathematical values and can
also investigate certain physio-chemical properties of molecules.

During the past century, chemists started theoretically working on the uses of these topological
indices for obtaining information regarding different properties of some organic substances
that depends upon its molecular structure.

6 Conclusion

We established the generalised formula to calculate the Detour index and the Detour Harary
index for Complete graph, Cycle graph, Wheel graph, Friendship graph, Lollipop graph,
Starred complete graph and n-partite graph. Also found formula for both these indices for a
graph obtained by doing the graph operation corona and the relation between the Detour and
Detour Harary indices have been found for some graph.
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