
Vol. 71 No. 3s2 (2022) 
http://philstat.org.ph 

Mathematical Statistician and Engineering Applications 

  ISSN: 2094-0343 

  2326-9865 

1008 

Effect of Bulk Viscosity on Interacting Modified Chaplygin Gas in 

Kaluza–Klein Cosmology 
 

*Sweeti B. Rokde Vidya Thakare 

*Priyadarshini College of Engineering, Nagpur 

Shri Shivaji Science College, Amravati 

Corresponding author: sweety.3.r@gmail.com 

 

Article Info 

Page Number: 1008 – 1021 

 Publication Issue: 

Vol. 71 No. 3s2 (2022) 

 

 

Article History 

Article Received: 28 April 2022 

Revised: 15 May 2022 

Accepted: 20 June 2022 

Publication: 21 July 2022 

Abstract 

This work deals with bulk viscous Kaluza - Klein cosmological model 

with” Modified Chaplygin Gas (MCG)” for describing consolidation of 

Dark matter and Dark energy which interrelated with matter sign-

changeable form.Further, cosmological parameters such as scale factor, 

energy density, Hubble, and deceleration parameter are generated and 

evaluated through graphical representation.  

 

Keywords: Energy density, Dark energy (DE), Dark matter (DM), bulk 

viscosity, Modified Chaplygin gas. 

 

1.    Introduction 

As per the latest discoveries of many cosmologists and cosmological observations, it shows 

that expansion of universe is accelerating [30, 33, 20, 6, 44, 29, 32, 2, 43 ]. New area of 

research in cosmology has provided.  As it is generally known to all of us that 25% portion of 

the universe is fill up with DM, 70% portion with DE and only 5% part of the universe is 

visible. For this reason, DE is one of the unsolved enigmas of cosmology.  

 

Now, mostly question arises about the nature of dark energy, whose solution has not still 

found as model for the same. For getting the solutions of these problems, numbers of 

quintessence models recommended [11, 7]such as cosmological constant [24], K-essence [1], 

tachyonic [40], phantom [8], holographic dark energy [18], and extra dimension. These 

quintessence models are considered as possible candidate for the Dark Energy (DE) to 

accommodate a huge energy density. Chaplygin Gas is one such candidate [47, 27, 26] which 

caught the attention of many workers. 

 

 As per the references [43, 42, 41, 21] the bulk viscosity provides various interesting facts in 

the homogeneous dynamics cosmological models. Zhai et al. [48] firstly initiated the concept 

of CG with viscosity and thereafter, it got expanded by research [46, 34, 31, 35]. 

Many researchers [3, 28, 19, 22] stated that bulk viscous cosmological models are widely 

discussed in GR. As per the studied of Santhi and Reddy [39], Kaluza-Klein (KK) 

cosmological model having extent viscosity in relation of Barbers second self-creation 

cosmology has been prepared. After examined by Samanta and Bishi [38],the universe 

geometry is purported by Kaluza Klein extent viscous cosmology with “Modified Cosmic 

Chaplygin Gas” is in GR. Khadekar and Gharad [16]studied Big Rip singularity in (4 +1) 
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dimension viscous cosmology.RecentlyAlmada and Miguel [13]studied a hybrid model 

thatconstructed through a generalized Chaplygingas with bulk viscosity. 

Kaluza-Klein (KK) [14, 17] was the first one to introduce the idea of extra dimensional 

model. As per the theory of Kaluza and Klein, space-time is extended by the addition of an 

extra dimension from the four used in Einstein’s general relativity. After the continuous 

research, many cosmologists have found that, deep knowledge to understand the interaction 

of particle can be provided by the higher dimensional gravity theories and it isplaying a vital 

role to clear the concept regarding the problem of DE. 

Many authors have studied various Dark Energy and Dark Matter, Kaluza-Klein 

cosmological models [12, 25, 36, 5, 15, 4]. Hence, the development of CG in Kaluza- Klein 

cosmology would be quite interesting. Hence, the development of Chaplygin Gas model in 

Kaluza-Klein universe would be considered to be one of the interesting CG models. Chayan 

et al. [10] has deliberated character of variable “modified Chaplygin gas” (VMCG) in 

anistropic universe. Salti al. [37], discussed “Variable Chaplygin gas (VCG)” in framework 

of KK universe. Saadat [34] also discussed the interconnection between MCCG and pressure 

less matter which is actually in the existence of bothshear and bulk viscosities in FRW 

cosmology. 

As per the motivational factor of above statement in Kaluza-Klein cosmology, we 

generalized the result of Naji et al. [23] and constructed Modified Chaplygin gas MCG by 

introducing bulk viscosity to formulate in Kaluza and Klein cosmology. 

The present paper has discussed the following sections: In 2ndsec., we have introduced 

different CG models. Coming to the 3rd sec., we considered FRW cosmology and solved field 

equation. Now, we would like to consider small visible matter and relationship between 

“Modified Chaplygin Gas” and matter that includes bulk viscosity. In addition, we have 

reviewed different CG models and then got equation for energy density in form of scale 

factor. In same way in 4th sec., we considered the interrelation of “Modified Chaplygin Gas” 

with reaction of fluid viscosity on cosmological parameters, for special and general cases. 

Eventually, in last section concluding remark are given. 

As per the practical view, it can be stated that, the modified Chaplygin gas provides an 

interesting candidate for the present accelerated expansion of the universe. Here we obtained 

modified Freidmann equation, deceleration parameter and the age of the universe in the 

scenario and show that they are consistent with the present observational data. 

 

2. Chaplygin Gas as a Model of Dark Energy 

An interesting model to describe DE is CG, in whichthe matter is taken to be a fluid obeying 

an exotic equation of state [9], 

   pd = −B
ρd

⁄                               (1)       

Here dp is pressure and d is energy density, whereasBpositive constant. The “Chaplygin 

Gas” is not consistent with observational data; subsequently the equation (1) generalized, 

   pd = −B
ρd

α⁄   ,     0 <  α ≤  1(2) 
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which is known as Generalized Chaplygin Gas (GCG). From equation (2.2), when energy 

density is high, GCG represents 0=dp  (at early time) which never in agreement with 

present universe.  

For that reason, “Modified Chaplygin Gas (MCG)” was proposed EoS of the form, 

 

   pd = γρd − B
ρd

α⁄   ,       γ positive constant.   (3) 

The MCG is more suitable to have high pressure at high energy density and constant negative 

pressure at low energy density. 

 

3. FRW Cosmology inBulk Viscous  

Kaluza-Klein metric given by 

( ) ( ) 
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where )(ta  is the scale factor and k = 0,  1 is the curvature factor. Here considers k = 0. 

The Einstein field equations are 


vvv TRgR =−

2

1
(5) 

The energy momentum tensor corresponding to the bulk viscous fluid is given by, 
  vvv ppT −+= 0

0)(                        (6) 

u0 = 0 ,  u1 = u2 = u3 = u4 = 0 with 1=v

v uug 
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From equation (5) and (6), yield 
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The energy–momentum conservation equation in (4+1)-dimensional spacetime is given by 

.0)(4 =++ pH                                                        (9) 

where H = ȧ
a⁄    is Hubble expansion parameter. Also 

ρ = [ρd + ρm](10) 

The pressure p in equation (9) is to be sure DE pressure together viscous contributions, 

 HHpp d 104  +−=                              (11) 

where 0 and 
1  is viscous coefficients. 

Using EoS (1) in equation (9) we get following energy density 

2
1

8








+=

a

C
BCG                             (12) 

where C  is integrating constant. 

From equations (2) and (9), we get 
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Now, using MCG equation of state in conservation equation (10) we obtained, 
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4.  Interacting Dark Energy 

For describing consolidation of Dark fluid i.e. MCG which interrelated with matter sign-

changeable form. To introduce this, we mathematically separate the energy momentum 

conservation equation (10) in two relations: 

QH mm =+  4                                    (15) 

QpH dd =++ )(4                                         (16) 

Pressure dp  is given in equation (11). 

Interacting term Q usually defined as mHbQ 4= , dHbQ 4= or HbQ 4= .  

Consider a sign-changeable interaction form as,   

dHbQ 4=                                    (17) 

hereb  is dimensionless parameter. 

Deceleration Parameter defined as  

2
1

H

H
q


−−=                                                                      (18) 

While universe transform fromdeceleration 0q  to accelerationq < 0then the above 

interaction sign can also gets changed. 

 

4.1   Special case 

 

Assume 0=k , 1= , 18 =G and also consider emergent model of scale factor, 

( ) 1,0,0,0, 00 += mBkaeBaa
mkt                      (19) 

By using equations (17) and (19) in equation (16), these yields 
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We get an unphysical solution from the above equation, for 1−=
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where  mkBmkbmkS 44)1(4 −−+=  and C  is an integrating constant. 
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Fig.1: For  

 

 
Fig.2: For 
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Fig.3: For  

 
In the physical case, equation (20) can be used and find the nature of dark energy density. 

Fig. (1) and Fig. (2) shows nature of energy density in contrary to time for varying bulk 

viscosity coefficient 0  and 
1  accordingly. Fig. (1) displays energy density is increasing 

mode and Fig. (2) shows that energy density is in decreasing mode with increasing values of

1 . Fig. (3) exhibitsillustration of energy density contradicting to time for different values of 

interaction parameter and appeared that as the value of b  increases energy density also 

increases. 

 

4.2 General Case 

Using equations (7), (11) and (17) in equation (16), we get general solution and found the 

following nonlinear differential equation 
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We can’t solve equation (22) because it is highly nonlinear. Therefore, any kind of easier 

calculation we can take only two stages named as early time universe [t << 1] and late time 

universe [t >> 1] as stated below: 
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4.2.1     Early time universe [t << 1] 

 

First term of the equation (22) can be neglected at t << 1 having large energy density. To get 

the reaction of viscosity, take 0=B and 
2

1
=  . 

Thus equation (22) becomes 

( )
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Solving equation (23), we get 
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where  C  is an integrating constant. 

Using equation (24) in equation (7) we obtained Hubble expansion parameter 
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Using equation (25) in equation (18) we obtained deceleration parameter as, 

])1(3exp[)1(181 010
2

1

1 tCq  +−+−−=                                                               (26) 

 

With the aim of real Hubble expansion that leads to a constant eventually we get the 

conditions: 

04)1(3)1(4 11 −+−+ b (27) 

00 
 

In above status we have analyzed at early universe, the nature of Hubble and deceleration 

expansion. 
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Fig. 4: For  

 

 
Fig. 5: For  
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Fig. 6: For  

 
 

Figs. (4) and (5) shows graphical representation of Hubble parameter. The thing observed 

that Hubble expansion increases with increasing value of 0 and gets decreased with the 

consistent increasing value of 1 . In Fig. (6), bulk viscosity coefficients 0  effect has been 

shown on q deceleration parameter and seen that q decreases with increasing 0 .  

Further it is having discernedobserved that the model which we obtain undergoes decelerated 

phase of expansion and transition from deceleration to an acceleration. 

 

4.2.2 Late time universe [t >>1] 

At late time, energy density has small value; we can obtain equation (22), 

Consider  α = 1
2⁄ , we get, 
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So, Hubble expansion parameter as, 
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5. Conclusion 

In the present work, we have acknowledged Modified Chaplygin Gas with bulk viscosity in 

Kaluza-Klein cosmology as a candidate for merger of dark matter and dark energy which 

combines with ordinary matter sign-changeable form. We examined time-dependent density 

both numerically and analytically and acquired behavior of time dependent density in 
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particular case and general case. In particular case we assumed 0=k (flat universe), 1=  

and 18 =G and also consider emergent model of scale factor to explain analytical and 

numerical analysis of energy density from conservation law equation. In Figs. (1) and (3) we 

have produced nature of energy density with time for changing bulk viscosity coefficients 0

, 1   and collaborating parameter and resulted as energy density is decreasing function of 

time. Nonetheless, it is clear that from Figs. (1) and (3) d  increases with increasingξ0, 1  

and b ( interaction parameter). 

In general case, we found highly non-linear differential equation which is very complicated 

to solved, therefore for simplicity calculation we got two stages name as early time and late 

time. In early time energy density is high whereas in late time energy density very low, with 

this consideration simplified equation (21) and found the expression for energy density ρd 

and Hubble expansion parameterH.  In Figs. (4) – Fig. (6) we have displayed the change of 

Hubble parameter and deceleration parameter with time for varying viscosity coefficients and 

interaction parameter. It is observed thatHincreases with increasing value of ξ0and decreases 

with increasing value ofξ1 and q decreases with increasingξ0 respectively. It is observed that 

the viscous parameters help to get solution that is in agreement with observational data. 

Moreover, it is detected that model which we obtained, undergo decelerated expansion to an 

accelerated expansion and graphical shownthat the physical behavior of the studied model to 

explore the accelerated expansion of the universe. 
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