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Abstract 

We have examined LRS Bianchi type-I space-time in the continuance of 

Barrow holographic dark energy, for the self-creation theory in this 

following article. In order to derive an accurate solution to the field 

equations, we put forth metric potentials relation as A = Bn and equalizing 

the sum of the trace of the energy momentum tensor to zero as T + T = 0. 

Further, we have observed the physical behavior of some important 

cosmological parameters like deceleration q, statefinder (r, s) EoS (ωde), 

(ωde −ωde′) plane, skewness parameter (δ), squared speed of sound (vs
2) 

that analyzes the model’s stability. Also, study of cosmographic 

parameters (j, s & l) and density parameter (Ωde) has been conducted and 

we could conclude that these parameters are in obedience with the current 

observational data. The model thus obtained has a stable behavior; and 

shows quintessence nature and that the Universe is expanding in an 

accelerated manner. 

Keywords: LRS Bianchi type-I metric, Self-creation theory, Borrow 

holographic dark energy, Holographic dark energy, Dark energy, Density 

parameter. 

 

1 Introduction 

Scientists have revealed a new map of the early Universe that clarifies a long-standing puzzle 

over the ongoing expansion of the cosmos, as predicted from the cosmic microwave 

background (CMB) data of ACT experiments [1, 2]. The discrepancy of Hubble constant, as 

named after the US astronomer Edwin Hubble, is being used as a tool by the cosmologists to 

estimate the Universe’s expansion rate. Many astonishing facts about the cosmic evolution 

has been put forward from constructing various cosmological model and state-of-the-art 

CMB maps provided from Planck’s Mission, acts as a backbone to know about the structure 

and nature of the cosmos [3]. By presuming the standard cosmological model as true, 

Planck’s data [4] calculations predicts accurately how rapidly the cosmos is expanding now. 

Nonetheless, over the past decennium it has been observed that there is 5-10% faster 

expansion and this has been affirmed from more detailed measurements of the expansion, 

based on the Supernova explosions [5, 6] and other mechanisms. As said by many theorists, 

we are far from totally comprehending the mysterious dark force named, as the Dark Energy 

(DE) which consists of 68% of the Universe, which is accountable for the cosmic expansion. 

And, equally mysterious dark matter (DM) (around 27%) is the principle reason for the 

formation of galaxies and is the invisible force that holds the galaxies and the cosmic web. 

http://philstat.org.ph/
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The ordinary matter constitutes for less than 5% of total mass and energy of the cosmos. 

There has been considerable amount of knowledge about the DM, ever since its existence has 

been suggested in early 1920’s. However, DE has come into light only after 1998, that is 

detected from observing the gravitational interactions. And on large scales, the gravitational 

effect of DE is repulsive, pushing things away from each other and making the Universe’s 

expansion hasten. Having said that, at the early phases, the DE might not be strong enough to 

carryout an accelerated expansion; rather it would have caused the plasma that appeared after 

the Big Bang to cool down faster than it would have otherwise. As a result, the interpretation 

of CMB data may be affected, particularly when it comes to measure the Universe’s age and 

its expansion rate, which rely on the amount of sound waves that could travel through the 

plasma before it cooled into gas [7]. 

As a compelling way to interpret DE, the Holographic principle [8–13] and Holographic dark 

energy (HDE) gives some interesting cosmological frameworks that are simple and as well as 

extended versions, depending on the utility of the horizons, as the Universe’s radius accede 

with the contemporary observations. Here, the inequality  ρdeL
4 ≤ S represents the standard 

HDE, with L as the horizon length, ρde as energy densityand S   the entropy.     And under 

the imposition S ∝ A ∝ L2 [14], there is the use of Barrow entropy  

SB = (
B

B0
)
1+

Δ

2
,    for    0 ≤ Δ ≤ 1,  (1) 

where B and B0 respectively represent the standard horizon and the Planck area; as an 

alternative to the regular Bekenstein-Hawking one [15–18], which eventually lead to 

ρd = CL
Δ−2,  (2) 

with C as a parameter with dimensions [L]−2−Δ . In order to describe the quantum-

gravitational deformation, a new exponent is hence introduced that is quantified as Δ. As 

expected, the above expression provides the standard HDE whenever  Δ = 0, , i. e. ρd =

3c2Mp
2L−2 , where C takes the value as C = 3c2Mp

2, with Mp as the Planck mass and c2 as the 

model parameter. On the other hand, when the deformation effects, as quantified by Δ occurs, 

the Barrow holographic dark energy (BHDE) departs from the standard model, giving a 

different cosmological behavior. However, researches have developed interests to use the 

BHDE model and many recent studies have been performed, of which some are mentioned 

here. The anisotropic Bianchi Type (BT)- I  Universe with BHDE and matter have been 

investigated by Paul et al. [19]. In a study by Mannon et al. [20], they looked at how a FLRW 

Universe evolves when pressureless DM and BHDE interact through a well-motivated 

interaction term. To analyze the evolutionary history of essential cosmological parameters 

Remya and sharma [21] have researched the advancement of the FRW Universe filled with 

pressureless DM and BHDE density by using the Hubble horizon as the IR cutoff. Adhikary 

et al.[22] have constructed BHDE in the case of nonflat Universe. In the framework of the 

DGP braneworld model Rani and Azhar [23] have investigated the evolution of the cosmic 

parameters and planes with the interaction between the BHDE and pressureless DM. 

Bhardwaj et al. [24] have discussed statefinder hierarchy for BHDE model in the FLRW 

Universe.  

As elucidated by Hubble’s law [25-27], there is moving away of galaxies from each other in 

all directions as endorsed by their redshift. A remarkable study has observed that the rate of 
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this expansion manifests that the Universe is approaching to the critical density, and this is 

responsible for this expansion forever. It is accustomed to express the density as a fraction of 

the average density of matter and energy of the Universe to the density required for the 

‘critical condition’, which is defined as the density at which the Universe would stop 

expanding only after an infinite time. Therefore, the density parameter is given by  

 Ωde =
ρ

ρc
=

8πGρde

3H2
, (3) 

 where ρ is the actual density, ρc is the critical density and ρc =
3H2

8πGρde
. 

 The sum of the contributions to the total density parameter (Ωde) at the current time is Ωde =

1.02−0.02
+0.02, indicating that the Universe is very close to critical density or Ωde =1. Even after 

knowing that Ωde is very close to 1 by the on going experiments, the overall future of the 

Universe is subjected to the values of Ωde, whether it is slightly greater than 1, less than 1, or 

exactly equal to 1.   

    • For Ωde < 1 : Universe is open and continues to expand thereafter.  

    • For Ωde > 1 : Universe is closed and eventually halts its expansion and recollapses.  

    • For Ωde = 1 : Universe is flat and constitutes enough matter to halt the expansion but not 

sufficient to recollapse it.  

Despite the prominence of General theory of Relativity (GR) [28-32], the Mach principle has 

not been substantiated by GR. Therefore, a need arises to incorporate Mach’s principle and 

other necessary features that are absent in the primary theory, by generalizing the Einstein’s 

GR. Jordan and then Brans and Dicke has initially proposed an alternative to GR, called as 

the scalar-tensor theories, which Barber has modified and proposed two self-creation theories 

(SCT) [33]. The first SCT is a modification to Brans-Dicke theory [34]. However, it is not 

applicable as it does not comply with equivalence principle. An adoption of GR is the second 

proposal. It includes continuous creation within limits of observations. Many recent works 

have been done in this framework, of which the following are few. Kantowski-Sachs 

cosmological model has been investigated by Ram et al. [35], in the presence of an 

anisotropic modified Ricci DE within the framework of Barber’s second SCT. Geometrical 

and physical aspects of the LRS BT-II metric with string viscous fluid have been evaluated 

by Ashtankar et al. [36], on solving the barber’s field equations of second SCT. Jain and Jain 

[37] have constructed DE cosmological model in an anisotropic BT-VI0 space time with a 

variable equation of state (EoS) parameter ω in Barber’s SCT. Chauhan [38] has studied LRS 

BT-I metric by using variable deceleration parameter and has investigated the field equations 

of Barber’s second SCT with perfect fluid source. Wet dark fluid BT-VIII cosmic model in 

Barber’s SCT has been investigated by Wankhade et al. [39]. By assuming that Universe is 

filled with barotropic fluid distribution Advani [40] has studied BT-V in perfect fluid and 

Lyra geometry with SCT. BT-I cosmological model in Lyra geometry and Barber’s second 

SCT with disordered radiation have been discussed by Advani and Jain [41]. 

 This work has been divided into following sections. Section (2), is concerned with the 

derivation of field equations and we find the solution for the model using certain conditions. 

Some geometrical properties of the model have been studied in the section (3). In the last 

section (4) we have interpreted the properties of the model and drawn some conclusions from 

this work. 

http://philstat.org.ph/
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2 Mathematical formalism of the model 

 Bianchi I − IX cosmological models has a vital role in the study of the Universe, as they are 

homogeneous and anisotropic, and this allows us to understand the method of isotropization 

of the Universe as the time passes. Furthermore, theoretically it is observed that FRW 

isotropic models has less generality when compared to anisotropic Universe. Bianchi space-

times help constructing spatially homogeneous and anisotropic models because of the 

easiness of the field equations. Considerable amount of work has been done in obtaining 

various BT cosmological models. Kumar and Arora [42] have investigated a cosmological 

model employing a four-degree function of cosmic time t in the f(R, T) gravity theory using 

an extended form of deceleration parameter. The spatially homogeneous and anisotropic BT 

and axially symmetric model have been studied by Dixit et al. [43], that is filled with DM and 

DE in Brans-Dicke theory of gravitation. Study of a BT-I cosmos with barotropic and DE 

type fluids has been studied by Goswami et al. [44]. The paper titled “Constraining BT-I 

Universe with type Ia supernova and H(z) data" is the work of Amirhashchi and Amirhashchi 

[45]. Singla et al. [46] have examined the existence of BT- I  Brans–Dicke theory by 

performing statistical test from H(z) and SuperNovae Ia experimental sets. Very recently, 

using a BT-I geometry coupled to the Kalb–Ramond field has been investigated by Maluf and 

Neves [47]. Therefore, the spatially homogeneous BT-I metric of the form  

 ds2 = A2dx2 + B2(dy2 + dz2) − dt2, (4) 

 where metric potentials A, B are functions of t only, has been contemplated. 

Also, Barber’s SCT has the following field equations,  

 Rij −
1

2
Rgij = −8πϕ

−1(Tij + Tij), (5) 

 

 &    □ϕ = ϕ;ν
,ν =

8π

3
μ(T + T), (6) 

 where the Ricci tensor, the Ricci scalar, energy momentum tensor of matter, the energy 

momentum tensor of BHDE and the coupling constant are given as Rij , R, Tij , Tij  and μ 

respectively. The energy momentum tensors for pressureless matter and anisotropic DE are 

given by  

 Tij = diag[0,0,0, ρm],    (7) 

 Tij = diag[ρdeωde, ρdeωde, (ωde + δ)ρde, −ρde], (8) 

 where ωde =
p

ρde
 is equation of state (EoS) parameter of DE, p and ρde are pressure and 

energy density of DE respectively. ρm  is the energy density of the matter and δ  is the 

deviation (skewness parameter) from ωde in z direction. 

Now in the co-moving coordinate system, the field equations (5) and (6) for the metric (4), 

using Eq.(7) can be deduced as, 

 

 
2B̈

B
+ (

Ḃ

B
)2 =

−8πρdeωde

ϕ
. (9) 

 
Ä

A
+
B̈

B
+

ȦḂ

AB
=

−8πρdeωde

ϕ
. (10) 

 
Ä

A
+
B̈

B
+

ȦḂ

AB
=

−8π(ωde+δ)ρde

ϕ
. (11) 
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 2
ȦḂ

AB
+ (

Ḃ

B
)2 =

8π(ρde+ρm)

ϕ
. (12) 

 ϕ̈ + ϕ̇(
Ȧ

A
+ 2

Ḃ

B
) =

8πμ(T+T)

3
. (13) 

 Here the over head dot denotes the differentiation with respect to ‘t’. To obtain the values of 

the unknowns namely, A, B, ϕ, ρm, ρde, ωde, and δ from the five field equations (9)-(13), we 

can consider the metric potentials relation by taking proportionality between the shear scalar 

(σ) and expansion scalar (θ) (Collins et al. [48]) as ,A = Bn,          (14) 

 where n > 0, (≠ 1) is a constant and preserves the anisotropic character of the space-time; 

and equalizing the sum of the trace of the energy momentum tensor to zero as 

 T + T = 0. (15) 

The expressions for metric potentials can be obtained by using Eqs. (11),(9), (14) and (15) as  

 A = ((n + 2)eγ1t + (n + 2)γ2)
n

n+2, (16) 

 B = ((n + 2)eγ1t + (n + 2)γ2)
1

n+2, (17) 

 and the scalar field ϕ as  

 ϕ = c2 −
c1

(n+1)((n+2)eγ1t+(n+2)γ2)
n+1
n+2

. (18) 

 Therefore, Eq. (4) is modified to,  

 ds2 = ((n + 2)eγ1t + (n + 2)γ2)
2n

n+2dx2 + ((n + 2)eγ1t + (n + 2)γ2)
2

n+2(dy2 + dz2) − dt2.

 (19) 

 Here, Eq. (19) represents a four-dimensional anisotropic BT-I cosmic model with BHDE in 

SCT with the physical and geometrical parameters discussed in the next section, which has 

prominence in the astronomical studies. Now, the cosmological parameters like volume (V), 

average scale factor (a(t)), Hubble parameter (H), expansion scalar (θ), shear scalar (σ2) 

and anisotropic parameter (𝒜h) of the BT-I cosmic model are defined as,  

 V = (n + 2)(eγ1t + γ2), (20) 

 a = ((n + 2)(eγ1t + γ2))
1

3, (21) 

 H =
γ1e

γ1t

3eγ1t+3γ2
, (22) 

 θ =
γ1e

γ1t

eγ1t+γ2
, (23) 

 σ2 =
γ1
2e2γ1t

3(n+2)2(eγ1t+γ2)
2, (24) 

 and 𝒜h =
2(n−1)2

(n+2)2
. (25) 

 From Eqs. (20)-(24), we observe that, initially (i. e. t = 0) the spatial volume (V), scale factor 

(a), Hubble parameter (H), shear scalar (θ) and expansion scalar (σ2) become constants. 

However, they tend to infinity as t → ∞. Also, from Eq. (25), we observe that the anisotropic 

parameter (𝒜h) ≠ 0, throughout the evoulution of the Universe, which indicates that the 

model (19) is anisotropic. 

 The energy density of BHDE is given by  

 ρde =
9C(eγ1t+γ2)

2e−2γ1t3−Δ(
eγ1tγ1

eγ1t+γ2
)Δ

γ1
2 . (26) 

 The following expression represents energy density of matter as,  
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 ρm =
Ψ1

8π(n+2)2(eγ1t+γ2)
2(n+1)γ1

2, (27) 

 where,  

 

Ψ1 = −2e2γ1t(n +
1

2
)γ1
4c1((n + 2)(e

γ1t + γ2))
−n−1

n+2 + 2(n + 1)(−36e−2γ1t3−ΔπC(n + 2)2 ×

(eγ1t + γ2)
4(

eγ1tγ1

eγ1t+γ2
)Δ + e2γ1tc2γ1

4(n +
1

2
)).

} 

 
Figure  1:  Illustration of energy density(ρde) against redshift(z). 

 
Figure  2:  Illustration of energy density matter(ρm) against redshift(z). 

 
Figure  3:  Illustration of pressure(p) against redshift(z). 
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Figure  4:  Illustration of skewness parameter (δ) against redshift (z) 

 

The pressure of BHDE and the skewness parameter are given by,  

 p =
γ1
2((n2+n+4)e2γ1t+eγ1tγ2(n+3)(n+2))(((n+2)(e

γ1t+γ2))
−n−1
n+2 c1−c2n−c2)

16π(n+2)2(eγ1t+γ2)
2(n+1)

, (28) 

 δ =
(n−1)(((n+2)(eγ1t+γ2))

−n−1
n+2 c1−c2(n+1))3

Δγ1
4(

eγ1tγ1
eγ1t+γ2

)−Δe3γ1t

72(n+2)πC(eγ1t+γ2)
3(n+1)

. (29) 

From figures (1) and (2), we observe that ρde and ρm, for various values of γ1&γ2 varies in 

positive region, decreasing against redshift (z) respectively. And the trajectories of pressure 

of BHDE against redshift (z) are plotted in figure (3) for the various values of γ1&γ2. The 

curves varies in negative region and are decreasing against redshift (z). Therefore, we can 

conclude that the trajectories in the figures (1)-(3) project the accelerated expansion of the 

cosmos. For our model, the skewness parameter (δ) as defined by the Eq. (29), is depicted in 

the figure (4). The parameter varies in positive region without vanishing, throughout its 

evolution for the chosen values of γ1&γ2. 

 
Figure  5:  Illustration of Hubble parameter(H) against scale factor(a) (left panel), redshift(z) 

(center panel) and time(Gyr) (right panel). 

 

Figure (5) are the trajectories of Hubble parameter taken against scale-factor (a), time (t) and 

redshift (z) respectively. As shown, Hubble parameter shows inverse proportionality towards 

scale-factor (a) ( as shown in left panel), illustrating the cosmic expansion rate. Whereas, 

there is a direct proportionality between the Hubble parameter (H) and redshift (z) and 

Hubble parameter attains its present values H0 at z = 0 (as shown in center panel). Also, the 

Hubble parameter is directly proportional to cosmic time (t) (as shown in right panel).  
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3  Dynamical behavior of the framework 

 In this segment, we compute the cosmological parameters such as deceleration ( q ), 

statefinder pair (r − s    &    q − r), cosmographic parameters: jerk (j), snap (s) & lerk (l), EoS 

(ωde), ωde − ωde′ plane, squared speed of sound (vs
2) and density parameter (Ωde) for the 

model (19) and present their physical significance.   

    •  Deceleration Parameter (𝐪): An important aspect of cosmological modeling is the 

explanation for the current acceleration of the Universe and the progress from the 

decelerating past to the current acceleration by using varying deceleration parameter for 

anisotropic or isotropic Universe models [49,50]. Deceleration parameter denotes the rate at 

which the Universe’s expansion is slowing down and is given as q = −(1 +
Ḣ

H2
). 

Depending on the range of q the expansion of the Universe can be understood [51,52] such 

as,   

        - Decelerating expansion when q > 0,  

        - Expansion with constant rate when q = 0,  

        - Accelerating power law expansion when −1 < q < 0,  

        - Exponential expansion/de Sitter expansion when q = −1 and  

        - Super-exponential expansion when q < −1.  

 For the constructed model, deceleration parameter q takes the value as follows:  

 q =
−7γ2

2−3e−γ1tγ2
3−e2γ1t−5eγ1tγ2

(eγ1t+γ2)
2 . (30) 

 
Figure  6: Illustration of deceleration parameter(q) against redshift(z). 

 

   The deceleration parameter curve contrasted with redshift (z) for three distinct values of 

γ1&γ2 respectively, as shown in figure (6) describes that the erstwhile phase of the Universe 

showed decelerated expansion as the curve transcends from q > 0  to q < 0  i.e. from 

decelerated phase to accelerated one, indicating an expansion in accelerating way in the 

present epoch. These observations are in concurrent with the recent astronomical 

observations. 

•  Statefinder Parameters (𝐫 − 𝐬): Statefinder parameters are the diagnostic and sensitive 

tool, given as  

 r =
a⃛

aH3
and    s =

r−1

3(q−
1

2
)
, 
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that differentiates among various DE models, as the degeneracy of the Hubble parameter (H) 

and the deceleration parameter (q) does not show any difference among different DE models. 

In this discourse, this geometrical statefinder diagnostic tool that discriminates DE models 

have been introduced by Sahni et al. [53, 54]. Several authors have researched HDE models 

in non-flat Universe [55] by considering this statefinder diagnostic. We have characterized 

the statefinder plane as,  

 r = 1 + 9e−2γ1tγ2
2  ;     s =

−2γ2
2e−γ1t

2γ2+e
γ1t
. (31) 

 
Figure  7: Illustration of (r − s) plane. 

 
Figure  8: Illustration of (q − r) plane. 

    The behavior of statefinder parameters r − s and r − q planes are observed from figures 

(7) and (8) respectively when plotted opposite to redshift (z) for various values of γ1&γ2. It is 

clear from figure (7) that the r − s pane trajectories begin from Chaplygin gas region (r >

1, s < 0) and passes through the ΛCDM point. At this particular point, our constructed model 

of the Universe behaves like a ΛCDM model. The trajectories of r − q plane, as recognized 

from figure (8) vary from positive to negative region, illustrating that the phase transition of 

the Universe appears in the matter dominated phase and evolves to de-sitter phase. 

  

    •  Cosmographic Parameters: The study of a scale factor (a) with the expansion of the 

Taylor series w.r.t the cosmic time (t) is called as cosmography. The expansion is 

independent of the solution of the motion equations of the models and also gives us a relation 
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between distance and redshift. To study cosmography, it is worth introducing some particular 

cosmographic parameters as follows:  

 j =
aIII

aH3
,    s =

aIV

aH4
and    l =

aV

aH5
, 

whose values for our model are given by:  

 jerk(j) = 1 + 9e−2γ1tγ2
2; (32) 

 snap(s) = 1 + 9eγ1tγ2 − 45e
−2γ1tγ2

2 + 27e−3γ1tγ2
3; (33) 

 lerk(l) = 1 − 6e−γ1tγ2 + 306e
−2γ1tγ2

2 − 486e−3γ1tγ2
3 + 81e−4γ1tγ2

4 (34) 

 
Figure  9:  Illustration of jerk parameter(j) against redshift(z). 

 
Figure  10:  Illustration of lerk parameter(l)against redshift(z). 
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Figure  11: Illustration of snap parameter(s) against redshift(z). 

 

   The cosmographic parameters- jerk (j), lerk (l) and snap (s) for various values of γ1 and γ2, 

plotted against redshift (z) are represented in figures (9), (10) and (11) respectively. For jerk 

and lerk parameters there is a variation in the positive region, whereas for the snap parameter, 

the sign changes from the erstwhile negative values to contemporary positive one, regardless 

of the values of γ1&γ2. These cosmographic parameters are in obedience to the present-time 

observations. 

    •  EoS Parameter (𝛚𝐝𝐞): The behavior of DE phenomena is most commonly defined with 

the EoS parameter as, ωde =
p

ρde
, where p is pressure and ρde is energy density. The range of 

EoS parameter ωde, when lies between (−1,−
1

3
) describes quintessence DE model. ωde =

−1 gives the vacuum DE, usually called as cosmological constant or ΛCDM model and the 

DE model known as the phantom model is observed when ωde < −1. Inevitable singularity 

of space-time will result from this phantom DE model in the future. For our model the EoS 

parameter is given by:  

 ωde =
Ψ2

2(2n+1)(eγ1t+γ2)
2, (35) 

 where,  

 
Ψ2 = −γ2

3(n + 3)(n + 2)e−γ1t + (−3n2γ2 − 7nγ2 − 14γ2)e
γ1t

+(−3n2 − 11n − 16)γ2
2 − (n2 + n + 4)e2γ1t.

} 
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Figure  12: Illustration of EoS parameter(ωde) against redshift(z). 

 

   For three values of γ1&γ2, the EoS parameter (ωde) has been depicted against redshift (z) 

in the figure (12). The path of the EoS parameter has started from radiation dominated phase 

and moves towards quintessence region. After crossing the phantom divide line it reaches the 

phantom region. Such a behavior of the Universe is called as the quintessence nature. 

According to the obtained model, the observed EoS parameter matches the 2018 Planck data 

[4], where the EoS parameters limits are as follows:  

 ωde =

{
 
 

 
 −1.56−0.48

+0.60(Planck + TT + loE)

−1.58−0.41
+0.52(Planck + TT, EE + loE)

−1.57−0.40
+0.50(Planck + TT, TE, EE + loE + lensing)

−1.04−0.10
+0.10(Planck + TT, TE, EE + loE + lensing + BAO)

 

    • 𝛚𝐝𝐞 −𝛚𝐝𝐞′ plane: First and foremost, Cadwell and Linder [56] have proposed the EoS 

plane to explain the regions of the expanding Universe for evaluating the quintessence scalar 

field. The plane characterizes two distinct regions for different values of ωde  and ω′de 

(where ′  represents differentiation w.r.t lna  ). The plane is refered as thawing region, 

whenever ω′de > 0, ωde < 0 and freezing region for ω′de < 0, ωde < 0. The ωde′ is given 

by :  

 ωde′ =
3γ2(e

−2γ1tγ2
6+6e−γ1tγ2

5+15γ2
4+20eγ1tγ2

3+15e2γ1tγ2
2+6e3γ1tγ2+e

4γ1t)(n+3)(n+2)

2(2n+1)(eγ1t+γ2)
5 . (36) 

 
 

Figure  13: Illustration of EoS plane (ωde − ωde′) 
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   Figure (13) represents the EoS plane (ωde −ωde′) for this cosmological model, for various 

values of γ1&γ2. It is observed that the model lies in freezing region as ωde′ < 0&ωde < 0 

for our BHDE model. This represents an accelerating cosmic expansion. The trajectories of 

ωde −ωde′ plane, in the model converge with the experimental data [57,58],  

 ωde = −1.17−0.12
+0.13, ωde′ = 0.85−0.49

+0.50(WMAP + eCAMB + BAO + H0 + SNe). 

 ωde = −1.13−0.25
+0.24, ωde′ < 1.32(Planck + WP + BAO). 

 ωde = −1.34−0.18
+0.18, ωde′ = 0.85 ± 0.7(WMAP + eCAMB + BAO + H0). 

    •  Stability Analysis: The squared speed of sound (vs
2) examines the model’s stability and 

is defined as the partial derivative of pressure w.r.t density as, 
ṗde

ρ̇de
 [59,60]. For the developed 

model, the stability is defined from the following value of vs
2,  

 vs
2 =

Ψ3

4(n+
1

2
)(Δ−2)(eγ1t+γ2)

6
, (37) 

 where,  

 

Ψ3 = −γ2
7(n + 3)(n + 2)(Δ − 3)e−γ1t − 35((Δ − 3)n2 + (

23Δ

7
−
81

7
)n +

36Δ

7
−

114

7
)γ2
4e2γ1t

−35((Δ − 3)n2 + (
19Δ

7
−
73

7
)n +

34Δ

7
−
110

7
)γ2
3e3γ1t − 21γ2

2((Δ − 3)n2 + (
15Δ

7

−
65

7
)n +

32Δ

7
−
106

7
)e4γ1t − 7((Δ − 3)n2 + (

11Δ

7
−
57

7
)n +

30Δ

7
−
102

7
)γ2e

5γ1t

−21((Δ − 3)n2 + (
27Δ

7
−
89

7
)n +

38Δ

7
−
118

7
)γ2
5eγ1t + ((−7Δ + 21)n2

+(−31Δ + 97)n − 40Δ + 122)γ2
6 − ((Δ − 3)n2 + (Δ − 7)n + 4Δ − 14)e6γ1t. }

 
 
 

 
 
 

 

In figure (14) the squared speed of sound (vs
2) has been depicted against redshift (z) for 

various values of γ1&γ2. The outlined plot is identified in the positive region giving a stable 

behavior for the Universe.  

 
Figure  14: Illustrating of squared speed of sound(vs

2) against redshift(z) 

 

    •  Density Parameter: The dimensionless density parameter of DE (Ωde) is formulated as  

 Ωde =
ρde

3H2
. (38) 

 We were able to obtain the density parameter of DE for our BHDE model by substituting the 

expressions for the Hubble parameter (H) and the energy density (ρde) in the above equation; 
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and we used graphical representation to analyze its behavior. A detailed study about the 

density parameter has been already mentioned in the Section (1), whose value is given by  

 Ωde =
27C(eγ1t+γ2)

4e−4γ1t(
eγ1t

eγ1t+γ2
)Δ3−Δ

γ1
4 . (39) 

 
Figure  15: Illustration of density parameter (Ωde) against redshift(z) 

 

   For distinct values of γ1&γ2, the plot for density parameter (Ωde) has been constructed 

against redshift (z) in the figure (15). The trajectories of density parameter (Ωde) vary in the 

positive region, increasing against redshift, satisfying the limits at the present epoch as 

mentioned below. Also, the BHDE density parameter satisfies the following limits at the 

present epoch. Observations from Planck’s data (2014)[57], the density parameter of DE, has 

taken the following limitations Ωde = 0.717−0.024
+0.028 (WMAP-9) and Ωde =

0.717−0.020
+0.023(Planck+WP) and Planck’s data (2018) [4] have given the constraints on DE 

density parameter as Ωde = 0.679 ± 0.013  (TT+loE), 0.6834 ± 0.0084  (TT,TE,EE+loE), 

0.6847 ± 0.0073  (TT,TE,EE++loE+lensing), 0.6889 ± 0.0056 

(TT,TE,EE++loE+lensing+BAO), 0.699 ± 0.012 (TT+loE), 0.711−0.026
0.033  (EE+loE). Hinshaw 

et al. [58] have set forth limitation on density parameter Ωde  as Ωde = 0.721 ± 0.025 

(WMAP), Ωde = 0.728 ± 0.019 (WMAP+eCMB), Ωde = 0.707 ± 0.010 (WMAP+ eCMB+ 

BAO), Ωde = 0.740 ± 0.015  (WMAP+eCMB+ H0 ), Ωde = 0.7135−0.0096
+0.0095 

(WMAP+eCMB+BAO+H0).  

 

4   Interpretations of the model: 

 We have constructed a BHDE model in the framework of SCT. It is observed from the 

construction of the plots, that the energy density BHDE (ρde), matter (ρm) and the pressure 

(p) projects the Universe’s expansion in an accelerated manner. Also the Hubble parameter 

shows that H is directly proportional to cosmic time (t) and the redshift (z) attaining its 

present value H0 at z = 0. However, H is inversely proportional towards scale factor (a). The 

skewness parameter (δ) of the model differs in the positive region and does not vanish all 

over its evolution. 
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To understand the physical significance of the model, various cosmological parameter have 

been studied. The deceleration parameter (q) thus obtained, shows decelerated expansion 

during the erstwhile phases of the Universe, and later on, the accelerated expansion phase is 

observed, that is concurrent with the recent astrophysical observations. The r, s plane and q, r 

plane trajectories projects that the constructed model behaves like a ΛCDM model; and 

illustrates the phase shift of the Universe from matter dominated phase to de-Sitter phase 

respectively. The cosmographic parameters are in coincidence with the latest astronomical 

observations as the lerk (l) and jerk (j) parameters varyies in positive region and the snap 

parameter (s) changes its sign from negative to positive ones. The EoS parameter of the 

model states that the Universe has a quintessence nature and the trajectories of the EoS plane 

(ωde −ωde′) lies in the freezing region, both representing accelerating cosmic expansion. 

The Universe shows a stable behavior as the parameter vs
2 varies in the positive region. The 

density parameter (Ωde) obtained is consistent with the recent observations, as its trajectories 

are varying in the positive region. Hence, the model built, behaves like a ΛCDM model, 

showing a stable behavior; having quintessence nature and further illustrates that, the 

Universe is expanding in an accelerated manner. These observations are in good agreement 

with the recent experimental data. 
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