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1.Introduction

Graphs regarded here are finite , undirected and simple. The symbols V(G) and E(G) denote
the vertex set and the edge set of a graph G. Most graph labeling methods are derived from the
descendants of by Rosa’s[2] findings of the year 1967.A graph labeling is an assignment of
integer to the vertices or edges or both subject to certain conditions. Labeled graph has many
branch out applications such as coding theory , missile guidance , X-ray , crystallography
analysis , communication network addressing systems , astronomy , radar ,circuit design ,
database management etc . Minimization of multiplicative labelings was introduced by
Shalini.P et. al.[3] . In this paper , we evince a method to construct minimization of
multiplicative graphs and also establish the minimization of multiplicative of the path union
of ‘n’ copies of a cycle to the solution of a system involving equations .

2. Preliminaries

Definition 2.1 [2] : Let G= (V(G), E(G)) be a graph G. A graph G is said to be minimization
of multiplicative labeling if there exist a bijective function from the vertices of G to the set
{1,2,3,.....p} such that when each edge uv is assigned the label f(uv)=f(u)*f(v) f(v)}, then the
resulting edge labels are distinct numbers.
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Definition 2.2 [2]: A minimization of multiplicative graph with weight as perfect squares
numbers are called perfect minimization of multiplicative graph.

3. Main Results

Rather than defining a map f, we implement firstly the work in obverse order by verifying that
the set {f(u)*f(v)-min{f(u),f(v)} are distinct . Since 1<f(v)<n, for every veV , we restrict that
the edge labels {f(u)*f(v)-min{f(u),f(v)} are distinct and can vary from 1 to (p — 1)? as well
. Now a minimization of multiplicative labeling is purely a choice of pair of distinct integers
from n consecutive integers which is defined as Exi = { (k,i) : ki-k , where 2<i< [V(G)| and
1<k< |V(G)|-1 ; k<i} , where 1<Ew< (p — 1)%should be distinct . The pairs are chosen
according to the structure of the graph .

Theorem 3.1 : Letvi,v2,...vmVvibe acycle and let 1=2 3, =3..... B n=U1 +1 where U; is the
number of pendant vertices attached to vi and in general Ujis the number of pendant vertices
attached to v; where 1<j < m isa sequence of nonnegative integers. Then the graph G
obtained by attaching Bi pendant vertices to vj, 1<j < mis minimization of multiplicative
graph .

Proof : Let Exi be the edge label received from the vertex label pair (k,i) of the vertices vk and
Vi, where k<i. Define Ex = { (k,i) : ki-k , where 2<i< |V(G)| and 1<k< |V(G)|-1; k<i} ,
where 1<Ew< (p — 1)2where 1<Ew< (p — 1)2.

To start with select the edge pairs (1, B1), (1, B2),....(1 , Bn) for the pendant edges adjacent v1
which brings forth an edge label E1i = { (1,i) :i-1 where i>2} and identify 1 with v; .

Select the edge pairs (Bnt1, Bnt2),(Bntl, Bnt3),....(Bntl, Bntl+ Uy) for the pendant edges
adjacent v2 which brings forth an edge label E B n+1={ (B n*+1)i- B ntl : (B ntl,i) where i>
Bn+2} and identify B n+1 with v, .Select the pairs (B n+1+ Uo+1, Bntl+ Ux+2) , ((Bntl+ Uzxtl,
B ntl+ Ust3),...... (B ntl+ Uxtl, Bntl+ Ux+l+ Uz ) and identify B n+1+ Uzx+1with vz and
repeat the process .Finally select the single edge pair (B n+1+U2+Usz+Ust....+Una+l, B
ntl+Ux+Us+Ust... . +Um1t1+Um)  which  Dbrings  forth an  edge label (B
nt1+U2+U3s+Us+... +Umna+1)% = (p-1)% .Henceforth all the selected pairs results in distinct edge
labels . Hence G is a minimization of multiplicative graph.

Theorem 3.2 : (Cm X P2) ® K, is a minimization of multiplicative graph .

Proof : It is obvious from theorem 3.1

Theorem 3.3 : Let G be a firecracker in which all the stars are of different or/and same size.
Then G is a minimization of multiplicative graph .

Proof : Let there be n stars each of size my, m2, ms . ,Mp . Let vivo,...vn be the pendant
vertices of the stars joined to form a path Pn. Let ug uz,...un be the central vertices of the stars.
Let mi+ mz2 + m3+__+my=m . The order of the firecracker is n(m + 1). Let Exi be the edge
label received from the vertex label pair (k,i) of the vertices vk and vi, where k<i. Define Ex;
= { (ki) : ki-k , where 2<i< |V(G)| and 1<k< |V(G)|-1 ; k<i} , where 1<Eu<
(p — 1)%where 1<Ex< (p — 1)%.Let x1 be the number of pendant vertices of the first star say
S1 with the central vertex u; .Let X2 be the number of pendant vertices of the second star say S»
with the central vertex u, .In general , let x, be the number of pendant vertices of the n™" star
say Sn with the central vertex un. Select the edge pairs (1,2),(1,3),...(1,x1+1) for the edges E1»
, E13 ,....Eix1+1) and label the central vertex u; with 1 . Select the edge pairs (x1+2,x1+3),(
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X1+2,X1+4),...(X1+2, X1+X2+2) for the edges Exa+2x1+3) ), E(x1+2,x1+4) 5 .....E(x1+2, x14x2+2) and label
the central vertex u, with x1+2 .Select the edge pairs (X1+X2+3,X1+X2 + 4),( X1+X2+3,X1+X2 +
5),...( X1+X2+3,X1+X2 +X3+ 3) for the edges Exi+xa+3x1+x2 + 4), Ext4x2+3x1+x2 + 5) » - ... E(xt+x2+3 x14x2
+3+3) and label the central vertex us with x1+x2+3 .Proceeding like this select the edge pairs

(X1 +Xot. ..t Xpa+N, X1+ Xot. ... Axn1+n+1),( X1+HXot. . AXng N, X1+Xot. . +Xp 1 tnt2),. ... (
X1+Xot.. .+Xn-1+n,X1+X2+. . .-+Xn+n) for the edgeS E (X1+x2+.. . +xn-1+n,x 1+x2+. ... +xn-1+n+1) ,E( X1+x2+...+xn-
1+ X2+ AXN-1HIH2) genvenns E( xt+x2+.. +xn-14nx1+x2+... +xn+n) @Nd label the central vertex un with

X1+Xo+...+xn1+N .Select the edge pair (X1 +Xo+...+xntn+1,X1+Xo+. ... +xn+Nn+2) for the edge viva
of the path . Select the edge pair (Xi+Xz+...+xp+N+2,X1+X2+. ... +xn+n+3) for the edge vavs of
the path . Select the edge pair (Xi+X2+...+xptn+1,X1+Xo+. ... +xn+N+2) for the edge viv2 of the
path . Proceeding like this select the edge pair (X1+Xo+...+xn+n+(N-1),X1+Xo+. ... +xntNn+n) for
the edge vn-1vi Of the path .By assigning the vertex labels following the method described gives
a minimization of multiplicative labeling of the firecracker graph with all the edges are distinct
and lies between 1 and (p-1)?.

Theorem 3.4 : C,, is a minimization of multiplicative graph .

Proof : For m =3, consider the edge pairs (1,2) ,(2,3 ) ,(3,1) clearly brings forth Cs is a
minimization of multiplication graph . For m=4 , Consider the edge pairs (1,2 ), (2,3) ,(3,4)
and (4,1) admits minimization of multiplicative graph . For m= 5 ,Selecting the edge pairs as
(1,2), (2,3),(3,5),(4,5) and (4,1) brings forth minimization of multiplicative labeling for Cs .
For m>5 | select the edge pairs as (1,2),(2,3),(3,4)...... (m-1,m) ,(m,1) brings forth distinct edge
numbers such that 1<f(uv)< (p — 1)? .Let the cycle graph Cr has m vertices A1, A2 As,...Am
and m edges .

Theorem 3.5 : C,mn-1 X Pn, where a=3,r=2,n > 1isa minimization of multiplicative graph

Proof : Let the cycle graph C,n-1 has ar"~? vertices A1, A2 As,...A,n-1 and ar"~! edges .
Let the path P, has n vertices B1,Ba,...Bn and n-1 edges . Then [V(C,m-1 X B, )| =ar"n
where a=3,r=2,n>1 and |E(C,n-1 X P, )| =ar™ ! (n-1)+nar"1.Let Exi be the edge label
received from the vertex label pair (k,i) of the vertices vk and vi , where k<i. Define Exi = {
Ki-k : (ki) , where 2<i< |[V(G)| and 1<k< |V(G)|-1 ; k<i} , where 1<Ew< (p — 1)%*where
1<Ew< (p — 1)%. Letthe cycle graph C,.n-1 hasar™? vertices A1, A2 As,...A,n-1 and ar™ !
edges . Let the path P, has n vertices B1,B2,...Bn and n-1 edges .Then |V(C,mn-1 X Py)| =
ar"In wherea=3,r=2,n>1 and |E(C,mn-1 X P,)| =ar® ! (n-1)+nar™~1.Select the edge
pairs (1,2),(2,3),(3,4),...(ar* -1, ar®1),(1,ar® 1) for the edges of the base cycle
(A1B1, A;B1),(A;Bq, A3By),...(A,n-1_4By, A,n-1B4),(1, A,n-1B1) .Then select the edge
pairs as (ar® 1+ 1,ar" 1 +2),...... (ar™ !+ 1,nar™1 + 1) for the
edQES(AlBarn—1, A, Bar“‘l)'( A,;B -1, A3B,n-1),...(A m-1_1Byn-1, A -1 Barn—1),(

AiB,n-1,, A in-1B,n-1)  where a=3 , r=2 , n > 1 . Select the edge label pairs (1,

ar®1+1),(ar® 141, ar® 4ar141), ... (ar™1+1,(n-1) ar"®1+1) for the edges
(A1B1,A;B;),(A;B;, A;B3),...(A;Bn1, A1By) : For the edges
(A,B4,A2B,),(A,B,, AyBs),...(A,B,_1,A;B,)  choose the edge label pairs as (2,
ar®142),(ar® 142, ar® 4+ar®142),......... (ar"1+2,(n-1) ar®1+2).Proceeding like this
we arrive at the edge label pairs

(ar®1ar® 1+ar® 1) (ar® 1+ar® 1, ar® t+ar®t+ar™ ). ((n-1) ar® 1 nar®1) for the
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edges (A,mn-1Bq, A n-1By),(A,m-1By, A n-1B3),...( A mm-1By_q, A m-1B,) .This process
brings forth the minimization of multiplication labeling of C,n-1 X Py, where a=3,r=2,n >
1.

Theorem 3.6 : C,, X Pn, where m# ar®1; a=3,r=2,n > 1isnota minimization of
multiplicative graph .

Proof : It is obvious that from theorem 3.5, that, for C,,, X Pn, where m# ar™?! ; a=3,r=2
,n>1 2edge pairs out of ar®! (n-1)+nar™~* edge pairs reproduce similar edge labels which
is a contradiction to the definition of the minimization of multiplicative labeling

Theorem 3.7 : The graph G = P, + K, is a minimization of multiplicative graph when s>r .
Proof : Let vi, v2 v, be the path P and us,us......us be the vertices of K, . Clearly G has r+s
vertices and rs+r-1 edges . Let Exi be the edge label received from the vertex label pair (ki)
of the vertices vk and vi , where k<i. Define Exi = { (k,i):ki-k, where 2<i< |V(G)| and 1<k<
[V(G)|-1 ; k<i} , where 1<Ex< (p — 1)?where 1<Ew< (p — 1)2.Select the pairs (1,2),
(2,3),(2,5) ..... (2,s) for the edges E12 , E23 ,Ezs , Ez7,.....E2s and Identify %— (w+1) with vy is

shown in the table 1.

Values of s = t- | Corresponding
r values of ‘w’

2 -1

3 0

4 1

5 2

6 3

In general fors | s-3

Table 1
Select the pairs (1,4), (3,4),(4,5) .....(4,s) for the edges E14 , Eas ,Es5, Ea7,.....Ess . Identify % —

(w1+4) with v; for t= rs =4,6,8 is shown in the following table 2 and for t= rs> 10 Identify%
+w- with vz is given in table 3.

Values of s = t-r | Corresponding
values of ‘w1’

2 -6

3 -5

4 -4
Table 2
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Values of h Values of s = t-r | Corresponding
values of ‘w2’
1 5 -1
2 6 -2
3 7 -3
In general h In general h+4 s —(2h+4)

Table 3

Select the pairs (1,6), (3,6),(5,6) .....(6,s) for the edges E16 , E36 ,Es6 , E67,.....E6S . Identify%
+ws with vz is shown in the following table 4.

Values of s = t-r | Corresponding
values of ‘w3’
3 3
4 2
5 1
6 0
Table 4
Values of | Values of | Corresponding
‘h’ s=tr values of ‘w3’
1 7 -1
2 8 -2
3 9 -3
In general | In general | In general
h h+6 s-(s+h)
Table 5

Finally the labeling process will arrive at selecting the edge pairs (1,r), (3,r),(5,1) ..... (s,r) for
the edges Eir , Esr,Esr , E7,.....Es . Identify 2|V(P.)| with v, This construction leads to the
minimization of multiplicative labeling of P, + K where s= r and s>r such that s=r+1 .
Theorem 3.8 : The graph G= C3+K,, is minimization of multiplicative labeling for all n.
Proof : Let vivo,V2vs,vavi be the cycle Cs and let ug,us,....us be the vertices of K, . Here
|E(G)|=3n+3 . Let Exi be the edge label received from the vertex label pair (k,i) of the vertices
vk and vi, where k<i. Define Ex = {(k,i) : ki-k, where 2<i< |V(G)| and 1<k< |V(G)|-1; k<i}
, where 1<Eq< (p — 1)?where 1<Eq< (p — 1)2. Select the edge pairs (1,|V(K)|+2) ,
(IVEKD[+2, [V(K)[+3),(1, [V(Ky)|+3) for the cycle edges Eiviy)+z » Equ|+2) (v@&|+3)
. E1(jvic|+3) and identify the label of the vertices of the cycle as1 with v1, [V(Ky)|+2 with

vz and |V(K,)|+3 with vs . Select the edge pairs (1,2), (2, |[V(K)|+2),(2, |V(Ky)|+3) for the
edges Bz, Eqjy@p|+2 » E2jvy|+s and identify the label of the vertex as 2 with u . Select the

edge pairs (1,3),(3, [V(Ky) [+2).(3, [V(K,)|+3) for the edges Eis, Esjvicol+2 » Esjvag|+s and
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identify the label of the vertex as 3 with u. . Proceeding like this we will arrive at the selection
of edge pairs (1, [V(K)|+1),(|[VED|+1, [VKD|+2) .( [VKD|+1, [V(K,)|+3) for the edges
Eivnl+1) » Qv+ nvan|+2) » Q@+ (vy|+3) and identify the label of the vertex
as |V(K_n)|+1 with us . Clearly this process brings forth minimization of multiplicative labeling
of G= C3+K,, for all ‘n’.

Theorem 3.9 : The complete tripartite graph K 1,4,nis minimization of multiplicative graph for
g=h and g>h such that g=h+1 and g<h such that h=g+1.

Proof : Let {z},{w1,W2,.....wg } ,{X1, X2,....Xn } be the vertex set of the tripartite graph .Here
[E(K1gn)| = gh+g+h.

Case 1:g=h

Select the edge pairs (1,2) , (1,4) ,(1,6),...(1,h) for the edges E12 , E14 ,....E1n and identify 1
with wy . Select the edge pairs (2,3),(3,4),...(3,h) for the edges E23, Eas ,...E3n and identify 3
with w .Proceeding like this finally we arrive at the selection of the vertex label for wg by
selecting the edge pairs (2,2g-1),(4,2g-1),...(2g-1,2h) and identify 2g-1 with wg . Select the
edge pairs (1,2),(2,3),...(2,2g-1) for the edges Eiz, Ezs,...E2@g-1) and identify 2 with x1 .Select
the edge pairs (1,4),(3.,4),...(4,2g-1) for the edges

E14, Ea4,...Espg1) and identify 4 with x; . Proceeding like this finally we arrive at the selection
of the vertex label for xn . Select the edge pairs (1,2h),(3,2h),...(2g-1,2h) and identify a label
2h for the vertex Xn .Then , select the edge pairs (1,g+h+1),(3,g+h+1),(5,g+h+1),...(2g-
1,g+h+1),(2,g+h+1),(4,g+h+1),....(2h,g+h+1) and identify g+h+1 with z . All these selected
edge pairs brings forth the assignment of the vertex labels and all the edges are distinct and lies
between 1 and (p-1)2.

Case 2 : g>h where g=h+1

Proceed the labeling procedure as mentioned in case 1

Case 3 : g<h where h=g+1

Proceed the labeling procedure as mentioned in case 1 except for the vertex xn , select the edge
pairs (1,2h-1),(3,2h-1),(5,2h-1),....(2g-1,2h-1) and identify 2h-1 with x» .And select the edge
pairs (1,0+h+1),(3,0+h+1),(5,gth+1),...(2g-1,g+th+1),(2,g+th+1),(4,g+h+1),....(2h-1,g+h+1)
and identify g+h+1 with z . All these selected edge pairs brings forth the assignment of the
vertex labels and all the edges are distinct and lies between 1 and (p-1)%

4. Minimization of multiplicative of any path union of ‘n’ heterogeneous or homogeneous
copies of a cycle graph to the solution of a system involving equations

Theorem 4.1 : Lety(vy;) =i,where 1< i< my ; y(vy;) =i,where 1+m; <i< m; + m, ; y(vs;)
=i,wherem; + m, +1 <i< m; + my,+m; etc..,y(vy;) =i ,wherem; + m, + ---.my,_; +
1 <i<m; + my+tmst....mp=p=K be the vertex labeling of the G=(V,E) respectively. Let
my,mz,...mn Where be the number of vertices in the first cycle , second cycle and so on
respectively . Then any path union Cm(n) of ‘n’ heterogeneous or homogeneous copies of cycle
Cm (n=2 and m> 3) is minimization of multiplicative if the following are satisfied:

(i) j=1m; =p

.. + +my+--mp _ p(p+1)
(i) X2 y(vai) +Z;211111§1,21Y(V21) +..t Z$1+$2+..$n_1+1 Y(Vni) = =5 —
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@iy @Gjp=0@my,1) , Gj)=m;+mym;+1),..(m;+m,+--my,m;+m, +
omy — 1), Y(vigvig) < [v(viki)]% where 1 <k <nand For (i,j) = ((1, m; + 1), (m; +
1,m; +my, + 1), ... ((h—1D(my+my +---..my_», + 1),n(my + my +---my_; +1))
Y(VkiVinj) > [Y(vii)]? where

(k,m)=(1,2),(2,3)....(n-1,n) .

(iv)  If y(vqjvai) =[y(vi]? , where 1<j < my — 1and 2< k < my, y(Va;vax) =[v(v2)]?
,Wherem; +1<j< my+m, —landm; +2 <j< my +m;, etc.., y(VyjVak) =[Y(Vn))]?
,wherem; +my +--my_;+1<j< m;+my,+my+--my_; +m,—1landm; + m, +
mp_;+2 <k< m; +my+mgz+--m,_; + m, then |y(vijvik)| = |E(G)| -3 where 1<
i<n

Proof : Let G = Cm(n) be the path union of ‘n” heterogeneous or homogeneous copies of cycle
Cm (n=2 and m> 3 ). Define a bijection y: V (G) — {1, 2,....p } as follows.

Let y(vy;) =i ,where 1< i< mjy ; y(vy;) =i ,where 1+4m; < i< m; + m; ;y(vs;) =i ,where

m; +my; +1 <i<my; +my+mgandsoon.y(vy) =i ,wherem; +my, +--.mp,_;+1 <
i< my; + mytms+...mp=p : Let E =
{Vllvz(m1+1)’Vz(m1+1)V3(m1+m2+1)7- ~Vi-1)(myym, my_,+1)Vn(m;ym, mn_1+1)}U
{vV1i1vi2 ' Vi2Vi3 seeee Vim;—1V1im, ) Vim, V11,
Vo(my+1)V2(my+2)se - V2 (m,; +my—1)V2(my+myy - oo

Vn(m1+m2+~~'mn_1+1)Vn(m1+mz+-"mn—1+2) ................. Vn(ml+m2+m3+'"-mn_l)vn(ml+m2+m3+--~.mn)

()Suppose mj is the number of vertices in the j cycle has the labels 1,2,...m;, then we shall
label ‘n” heterogeneous or homogeneous copies of G in G(n) are labeled with the labels 1,2,...p.
Hence Z}Ll m;=p.

(i1) From (i) the result (ii) is obvious.

(iii) From (ii) and from the definition of minimization of multiplicative labeling , the edge
labels y(v;v;) where i<j are all distinct and for (i,j) = (my,1) , (i,j) = (m; + my, m, +
1),...(mg +my + - mymy+my +--my — 1), y(vigvig) < [y(Vii)]? where 1 < k <
n and for Gp)=01m;+1), (m+1,m; +m,+1),.... ((n—1)(m;+m, +
o.My, +1),n(my +my +---my_; +1)) Y(viivmj) > [y(vii)]*  where
(k,m)=(1,2),(2,3)....(n-1,n) .

(iv)It is clear from (iii) |y(vjvi)| = IE(G)| -3 where 1< i < n.

Conclusion : In this paper , we evinced a method to construct minimization of multiplicative
graphs and also investigated the minimization of multiplicative of the path union of ‘n’ copies
of a cycle to the solution of a system involving equations .
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