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shaped region, subordination and quasi subordination.

1 Introduction and Definitions

Let Q denote the holomorphic function in the open unit disc U is defined by

h(ζ) = ζ +
∞∑
k=2

bkζ
k ζ ∈ U . (1)

For g ∈ Q given by,

g(ζ) = ζ +

∞∑
k=2

ckζ
k ζ ∈ U . (2)

The Hadamard product of these two functions is given by

(h ∗ g)(ζ) = ζ +
∞∑
k=2

bkckζ
k ζ ∈ U . (3)

For two holomorphic functions h, g ∈ Q, we state that h is subordinate to g which is
written as h ≺ g (see [5]) if there is a Schwarz function ω which is holomorphic in U with
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ω(0) = 0 and |ω(ζ)| < 1 for all ζ ∈ U , such that h(ζ) = g(ω(ζ)), for ζ ∈ U . Moreover, if
the function g is univalent in U , we have

h ≺ g ⇔ h(0) = g(0) and h(U) ⊂ g(U).

If h and g are holomorphic functions in U , following T.H. MacGregor [4], (also see [6]) we
say that h is majorized by g in U and we write

h(ζ) << g(ζ), (ζ ∈ U) (4)

If there is a function φ, holomorphic in U , such that

|φ(ζ)| < 1 and h(ζ) = φ(ζ) g(ζ), (ζ ∈ U) (5)

Here majorization (4) is closely associated with the concept of quasi-Subordination between
the holomorphic functions.

Definition 1. If h ∈ Q satisfies

Re

{
ζ h′(ζ)

h(ζ)

}
> 0,

which is referred to as the starlike function in U

Definition 2. If h ∈ Q satisfies

Re

{
1 +

ζ h′′(ζ)

h′(ζ)

}
> 0,

which is referred to as the convex function in U

For 0 < q < 1 the Jackson’s q-derivative of a function h ∈ Q is, by definition, given as
follows [1],[2]

Dqh(ζ) =


h(ζ)− h(qζ)

(1− q)ζ
ζ 6= 0

h′(0) ζ = 0
(6)

and
D2
qh(ζ) = Dq(Dqh(ζ)).

From (6), we have

Dqh(ζ) = 1 +
∞∑
k=2

[n]qbk ζ
k−1

where

[n]q =
1− qn

1− q
,

is also known as the fundamental number n. If q → 1− then [n]q → n.

Sokol and Paprocki[7] was introduced the shell shaped domain.Recently, Raina and
Sokol [9] was found the coefficient inequalities for ψ(ζ) = ζ+

√
1 + ζ2 of starlike function.

if it satisfies the subordination condition given below,

zh′(ζ)

h(ζ)
≺ ψ(ζ)

Sokol and Thomas [11] developed on these findings.
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Definition 3. [8] The error function er h is defined by

er h(ζ) =
2√
π

ζ∫
0

e−t
2
dt =

2√
π

∞∑
k=0

(−1)k ζ2k+1

(2k + 1) k!
. (7)

Definition 4. [8] Let Er h(ζ) denote the holomorphic function it is derived from (7)
and it is given below

Er h(ζ) =

√
πζ

2
er h(ζ) = ζ +

∞∑
k=2

(−1)k−1

(2k − 1) (k − 1)!
ζk. (8)

The family of an holomorphic function as follows

E = Q ∗ Erf = {F : F (ζ) = (h ∗ Erf)(ζ) = z +
∞∑
k=2

(−1)k−1bk
(2k − 1)(k − 1)!

ζk, h ∈ Q}. (9)

Thus the consequence of (6),(9)for F ∈ E we obtain that

Dq F (ζ) = 1 +

∞∑
k=2

(−1)k−1[n]qbk
(2k − 1)(k − 1)!

ζk−1.

In the following section, we apply q-operators to the functions associated with the conic
sections introduced by Kanas [3].

Definition 5. [8] A function h ∈ Q is in the class ESλq,`(ψ(ζ)) if

1 +
1

`

[
(1 + i tanλ)

(
zDqh(ζ)

h(ζ)

)
− i tanλ− 1

]
≺ ψ(ζ)

for ζ ∈ U .

Definition 6. [8] A function h ∈ Q is in the class ECλq,`ψ(ζ) if

1 +
1

`

[
(1 + i tanλ)

(
[ζDqh(ζ)]′

ζDqh(ζ)

)
− i tanλ− 1

]
≺ ψ(ζ)

for ζ ∈ U .

Let φ(ζ) = 1 + p1ζ + p2ζ
2 + ..., (p1 > 0) be an holomorphic function in the open unit

disk U onto a region starlike with respect to 1 and symmetric with respect to the real
axis. Let

ϕ(ζ) = d0 + d1ζ + d2ζ
2 + ...

and |dn| ≤ 1.

Definition 7. [8] A function h ∈ Q is in the class ESλq,`(φ(ζ)), which satisfying the
quasi-subordination

1

`

[
(1 + i tanλ)

(
ζDqh(ζ)

h(ζ)

)
− i tanλ− 1

]
≺q φ(ζ)− 1

for ζ ∈ U .
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Definition 8. [8] A function h ∈ Q is in the class ECλq,`(φ(ζ)) which satisfying the
quasi-subordination

1

`

[
(1 + i tanλ)

(
[ζDqh(ζ)]′

ζDqh(ζ)

)
− i tanλ− 1

]
≺q φ(ζ)− 1

for ζ ∈ U .

In this paper, we determine the coefficient estimate using q-derivative operator for
some classes of function related to shell shaped region and also we establish

∣∣b3 − µb22∣∣
using subordination and quasi subordination for the function h ∈ ESλq,`(ψ(ζ)) and h ∈
ECλq,`(ψ(ζ))

Here using lemma to prove our main result.

Lemma 9. [8] If δ ∈ Q then∣∣δ2 − ηδ21∣∣ ≤ max{1, |η|},

Here η is a complex number. The result is sharp for δ(ζ) = ζ or δ(ζ) = ζ2.

2 The Fekete-Szegö Functional Associated with the Shell shaped Region
using subordination

First, we prove the result for the function h ∈ ESλq,` (ψ(ζ)), which satisfies the equation
(9).

Theorem 10. Let
−π
2

< λ <
π

2
, 0 < q < 1 and ` 6= 0. If h ∈ ESλq,` (ψ(ζ)) satisfies

the equation (9) such that

ψ(w(ζ)) = w(ζ) +
√

1 + w2,

where

w(ζ) =
φ(ζ)− 1

φ(ζ) + 1

and
φ(ζ) = 1 + p1ζ + p2ζ

2 + ...

for all ζ ∈ U . Then,

∣∣b3 − µb22∣∣ ≤ 5|`|
V3|ϑ|

max

{
1,

∣∣∣∣14 +

(
9µV3 − 10V2

20ϑV 2
2

)
`

∣∣∣∣} , (10)

where ϑ = 1 + i tanλ, V2 = [2]q − 1 and V3 = [3]q − 1 and µ is a complex number.

Proof. If h ∈ ESλq,` (ψ(ζ)), then we have the Schwarz function as a result,

1 +
1

`

[
(1 + i tanλ)

(
ζDqh(ζ)

h(ζ)

)
− 1− i tanλ

]
= ψ(w(ζ)). (11)

We note that

ζDqh(ζ)

h(ζ)
= 1 +

1− [2]q
3

b2ζ +

(
[3]q − 1

10
b3 +

1− [2]q
9

b22

)
ζ2 + ... (12)
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and

ψ(w(ζ)) = 1 +
P1

2
ζ +

(
P2

2
− P 2

1

8

)
ζ2 +

(
P3

2
− P1P2

4

)
ζ3 + .... (13)

Applying (11), (12) and (13), we obtain that

b2 =
3`P1

2(1− [2]q) (1 + i tanλ)
(14)

and

b3 =
5`

([3]q − 1) (1 + i tanλ)

[
P2 −

(
1

4
+

`

2(1− [2]q) (1 + i tanλ)

)
P 2
1

]
. (15)

Hence by (14) and (15), we get the following

b3 − µb22 =
5`

([3]q − 1) (1 + i tanλ)

[
P2 −

(
1

4
+

`

2(1− [2]q) (1 + i tanλ)

)
P 2
1

]
− µ

[
3`P1

2(1− [2]q) (1 + i tanλ)

]2
=

5`

([3]q − 1) (1 + i tanλ)
×{

P2 −
[

1

4
+

(
1

2(1− [2]q) (1 + i tanλ)
+

9µ([3]q − 1)

20(1− [2]q)2 (1 + i tanλ)

)
`P 2

1

]}
=

5`

([3]q − 1) (1 + i tanλ)

{
P2 −

[
1

4
+

(
10(1− [2]q) + 9µ([3]q − 1)

20(1− [2]q)2 (1 + i tanλ)

)
`P 2

1

]}
.

Thus the above can be reduces as

b3 − µb22 =
5`

([3]q − 1) (1 + i tanλ)
(P2 − tP 2

1 ),

where

t =
1

4
+

(
10(1− [2]q) + 9µ([3]q − 1)

20(1 + [2]q)2 (1 + i tanλ)

)
` =

[
1

4
+

(
−10V2 + 9µV3

20ϑV 2
2

)
`

]
.

Hence proved.

Next, we establish the result for the function h ∈ ECλq,` (ψ(ζ)), which satisfies the
equation (9). The following theorem demonstrated in the same manner.

Theorem 11. Let
−π
2

< β <
π

2
, 0 < q < 1 and ` 6= 0. If h ∈ ECλq,` (ψ(ζ)) satisfying

(9) such that

ψ(w(ζ)) = w(ζ) +
√

1 + w2,

where

w(ζ) =
φ(ζ)− 1

φ(ζ) + 1

and
φ(ζ) = 1 + p1ζ + p2ζ

2 + ...

for all ζ ∈ U . Then,∣∣b3 − µb22∣∣ ≤ 5|`|
2[3]q|ϑ|

max

{
1,

∣∣∣∣∣14 +

(
9µ[3]q − 5[2]2q

10[2]2qϑ

)
`

∣∣∣∣∣
}
, (16)

where ϑ = 1 + i tanβ and µ is a complex number.

Mathematical Statistician and Engineering Applications 
ISSN: 2094-0343 

2326-9865

Vol. 71 No. 3s (2022) 
http://philstat.org.ph 

1569



Proof. If h ∈ ESλq,` (ψ(ζ)) then we have the Schwarz function as a result,

1 +
1

`

[
(1 + i tanλ)

(
ζDqh(ζ)

h(ζ)

)
− 1− i tanλ

]
= ψ(w(ζ)). (17)

We note that

ζDqh(ζ)

h(ζ)
= 1 +

1− [2]q
3

b2ζ +

(
[3]q − 1

10
b3 +

1− [2]q
9

b22

)
ζ2 + ... (18)

and

ψ(w(ζ)) = 1 +
P1

2
ζ +

(
P2

2
− P 2

1

8

)
ζ2 +

(
P3

2
− P1P2

4

)
ζ3 + .... (19)

Similarly, we will obtain

(
[ζDqh(ζ)]′

ζDqh(ζ)

)
and applying the equations (17) and (19), we can

easily find the value of b2 and b3. Then, by using the same approach as applied in the
above Theorem 10, one can have

b3 − µb22 =
5`

2[3]q(1 + i tanλ)
(P2 − tP 2

1 ),

where

t =
1

4
+

(
9µ[3]q − 5[2]2q

10[2]2qϑ

)
`.

Hence proved.

3 The Fekete-Szegö Functional Associated with the Shell shaped Region
using quasi subordination

The quasi-subordination established by Robertson in [10] is an extension of the concept
of subordination.

In this section, we are going to establish the result for the function using quasi-subordination
.

Theorem 12. Let
−π
2

< λ <
π

2
, 0 < q < 1 and ` 6= 0. If h ∈ ẼS

λ

q,` (ψ(ζ)) satisfies

the equation (9) and consider

ψ(w(ζ)) = w(ζ) +
√

1 + w2,

where

w(ζ) =
φ(ζ)− 1

φ(ζ) + 1

for all ζ ∈ U . Then,

∣∣b3 − µb22∣∣ ≤ 5|`|
V3|ϑ|

max

{
1,

∣∣∣∣d0 +

(
1

4
− 9µ`d0V3

10V 2
2 ϑ

)
d0

∣∣∣∣} , (20)
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and

|b2| ≤
3|`|d0

2V2 |ϑ|

|b3| ≤
5|`|
V3 |ϑ|

[
|d1|+ max

{
d0,

∣∣∣∣d0 +
d20
4

∣∣∣∣}]
where ϑ = 1 + i tanλ, V2 = [2]q − 1 and V3 = [3]q − 1 and µ is a complex number.

Proof. If h ∈ ESλq,` (ψ(ζ)), then we have the schwarz function as a result

1

`

[
(1 + i tanλ)

(
ζDqh(ζ)

h(ζ)

)
− i tanλ

]
≺q ψ(ζ)− 1.

We note that

ζDqh(ζ)

h(ζ)
= 1 +

1− [2]q
3

b2ζ +

(
[3]q − 1

10
b3 +

1− [2]q
9

b22

)
ζ2 + ... (21)

and

ψ(w(ζ)) = 1 +

(
P1

2

)
ζ +

(
P2

2
− P 2

1

8

)
ζ2 +

(
P3

2
− P1P2

4

)
ζ3 + ....

Then we obtain that

1

`

[
(1 + i tanλ)

(
ζDqh(ζ)

h(ζ)

)
− i tanλ

]
= ϕ(ζ)[ψ(w(ζ))− 1] (22)

with

ϕ(ζ)[ψ(w(ζ))− 1] =
P1 d0

2
ζ +

[
P1 d1

2
+ d0

(
P2

2
− P 2

1

8

)]
ζ2

+

[
d0

(
P3

2
+
P1 P2

4

)
+ d1

(
P2

2
− P 2

1

8

)]
ζ3 + ... (23)

with |dn| < 1 and |P1| < 1. Thus by applying (21), (22) and (23), we obtain that

b2 =
3`d0P1

2(1− [2]q) (1 + i tanλ)
(24)

and

b3 =
5`

([3]q − 1) (1 + i tanλ)

[
d1 P1 + d0

(
P2 +

P 2
1

4

)]
. (25)

Hence by (24) and (25), we get the following

b3 − µb22 =
5`

([3]q − 1) (1 + i tanλ)

[
d1 P1 + d0

(
P2 +

P 2
1

4

)]
− µ

[
3`d0P1

2(1− [2]q) (1 + i tanλ)

]2

Mathematical Statistician and Engineering Applications 
ISSN: 2094-0343 

2326-9865

Vol. 71 No. 3s (2022) 
http://philstat.org.ph 

1571



using ϑ = 1 + i tanλ, V2 = [2]q − 1 and V3 = [3]q − 1, then the above can be reduced to

∣∣b3 − µb22∣∣ =

∣∣∣∣ 5`

V3 ϑ

[
d1P1 + d0

(
P2 +

P 2
1

4

)]
− 9µ`2d20P

2
1

2V 2
2 ϑ2

∣∣∣∣
=

∣∣∣∣ 5`

V3 ϑ

[
d1P1 + d0P2 +

d0 P
2
1

4
− 9µ`d20P

2
1 V3

10V 2
2 ϑ

]∣∣∣∣
=

∣∣∣∣ 5`

V3 ϑ

{
d1P1 +

[
P2 +

(
1

4
− 9µ`d0V3

10V 2
2 ϑ

)
P 2
1

]
d0

}∣∣∣∣
≤ 5|`|
V3 |ϑ|

{
1 +

∣∣∣∣P2 +

(
1

4
− 9µ`d0V3

10V 2
2 ϑ

)
P 2
1

∣∣∣∣ d0}
≤ 5|`|
V3 |ϑ|

{
1 +

∣∣P2 + tP 2
1

∣∣ d0}
where t =

1

4
− 9µ`d0V3

10V 2
2 ϑ

. Then the above inequality can be written as

∣∣b3 − µb22∣∣ ≤ 5|`|
([3]q − 1) |1 + i tanλ|

{
1 +

∣∣P2 + tP 2
1

∣∣ d0}
where

t =
1

4
− 9µ`d0([3]q − 1)

10(1− [2]q)2 (1 + i tanλ)
.

Hence proved.

The following result can be established by the same technique as applied in the
Theorem 12.

Theorem 13. Let
−π
2

< λ <
π

2
, 0 < q < 1 and ` 6= 0. If h ∈ ẼC

λ

q,` (ψ(ζ)) satisfies

the equation (9) and let ψ(w(ζ)) = w(ζ) +
√

1 + w2, where

w(ζ) =
φ(ζ)− 1

φ(ζ) + 1

for all ζ ∈ U . Then,∣∣b3 − µb22∣∣ ≤ 5|`|
2[3]q|ϑ|

max

{
1,

∣∣∣∣d0 +

(
1

4
− 9µ`d0[3]q

5[2]2q ϑ

)
d0

∣∣∣∣} , (26)

where ϑ = 1 + i tanλ, V2 = [2]q − 1 and V3 = [3]q − 1 and µ is a complex number.
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