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Abstract

The main object of this article is to obtain the coefficient estimate using g-
difference error function related to shell shaped region.Also we estimate ’bg — ub%|
with the function h € 55(3\’4(1/1(0) and h € EC;"f(w(C)) using subordination and quasi
subordination.
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1 Introduction and Definitions

Let Q denote the holomorphic function in the open unit disc U is defined by

h(Q)=¢+ Y bch Cel. (1)
k=2
For g € ) given by,
9(Q) =C+ > et (eu. (2)
k=2

The Hadamard product of these two functions is given by

(hg)(¢) = ¢+ > brerc Cel. (3)

k=2

For two holomorphic functions h,g € Q, we state that h is subordinate to g which is
written as h < g (see [5]) if there is a Schwarz function w which is holomorphic in ¢/ with
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w(0) = 0 and |w(¢)] < 1 for all ¢ € U, such that h(¢) = g(w(()), for ¢ € U. Moreover, if
the function g is univalent in U, we have

h<g < h0) = g¢(0) and hU) C gU).

If h and g are holomorphic functions in U, following T.H. MacGregor [4], (also see [6]) we
say that h is majorized by g in U and we write

h(¢) << 9(¢), Ced) (4)
If there is a function ¢, holomorphic in U, such that
(Ol <1 and h(¢) =0(C) 9(¢),  (C€U) (5)

Here majorization (4)) is closely associated with the concept of quasi-Subordination between
the holomorphic functions.

Definition 1. If h € Q satisfies

Re{ch’?éf )} -0

which is referred to as the starlike function in U

Definition 2. If h € Q satisfies

nef1s SO

which is referred to as the convex function in U

For 0 < ¢ < 1 the Jackson’s g-derivative of a function h € Q is, by definition, given as
follows [1],[2]

h(¢) — h(qC)
Do) =4  (1—q) ¢#0 (6)
1 (0) ¢=0

and

Dﬁh(C) - Dq(th(O)-

From ({6, we have
Dgh(¢) =1+ [nfgbx ¢*
k=2

where
n

1—gq
[n]q: 1_q7

is also known as the fundamental number n. If ¢ — 17 then [n|, — n.

Sokol and Paprocki[7] was introduced the shell shaped domain.Recently, Raina and
Sokol [9] was found the coefficient inequalities for 1)(¢) = ¢ ++/1 + ¢? of starlike function.
if it satisfies the subordination condition given below,

zh'(¢)
h(¢)

Sokol and Thomas [11] developed on these findings.

<)
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Definition 3. [8] The error function er h is defined by
6 1)k (21
er h(¢ / fz %+ 1) Kl (7)
0

Definition 4. [§] Let E, h(¢) denote the holomorphic function it is derived from
and it is given below

o -1 k—1
B b0 = Y er (@) = ¢+ Y ) ®
k=2
The family of an holomorphic function as follows
E=QeBS=(F RO = (e BNQ =2+ Y oD s dneq) o
k=2

Thus the consequence of (6),(9)for F' € £ we obtain that

o0

nqbr

|
M

k—1
2k—1 )'C '
k=2

In the following section, we apply g-operators to the functions associated with the conic
sections introduced by Kanas [3].

Definition 5. [§] A function h € Q is in the class 55;‘,@@(0) if

2Dgyh(Q)

1+% [(1+i tanA)( "0

> —1 tan)\—l} < (¢)

for ( e U.

Definition 6. [§] A function h € Q is in the class EC)‘zw(()

[CDy1(Q))

) +% [(1 +i tan\) < ¢D4h(C)

)—z’ tan)\—l] < ()

for ¢ e U.

Let ¢(¢) =1+ p1¢ + p2¢? + ..., (p1 > 0) be an holomorphic function in the open unit
disk U onto a region starlike with respect to 1 and symmetric with respect to the real
axis. Let

@(C) = do + di¢ + dol® + ...
and |d,| < 1.

Definition 7. [§] A function h € Q is in the class ESL;:Z(qb(C)), which satisfying the
quasi-subordination

¢Dyh(<)

H(Hi tanA)( o

)—i tan)\—l] <4 0(¢) —1

for ( e U.
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Definition 8. [§] A function h € Q is in the class SC’;"g(qﬁ(C)) which satisfying the
quasi-subordination

% [(l—i-i tan \) (%) iy tan)\—l] <y d(0) 1

for ( e U.

In this paper, we determine the coefficient estimate using g¢-derivative operator for
some classes of function related to shell shaped region and also we establish ‘bg — ,ub%‘
using subordination and quasi subordination for the function h € 55’;\ (¥(C)) and h €

£C,(¥(Q))

Here using lemma to prove our main result.
Lemma 9. [§]If§ € Q then
|62 — 167 | < max{1, [n]},

Here 7 is a complex number. The result is sharp for 6(¢) = ¢ or §(¢) = ¢2.

2 The Fekete-Szego Functional Associated with the Shell shaped Region
using subordination

First, we prove the result for the function h € ES; ¢ (¥(()), which satisfies the equation

(S}

Theorem 10. Let %ﬂ <A< g, 0<g<land?¢+#0. Ifh € 55;:5 (¥(()) satisfies
the equation @ such that

P(w(C)) = w(C) + V1+w?

where

¢(¢) — 1

wlO) =501

and
B(C) = 1+ pi1C +paC® + ...

1 9/LV3—10V2
i (et Bt I 10
i+ 20017 >'} (10)

where 9 =141 tan\, Vo = [2], — 1 and V3 = [3|, — 1 and p is a complex number.

for all ( € U. Then,

5/¢|
by — pub3| < —— 1

Proof. If h € £ S;\’ ¢ (¥(€)), then we have the Schwarz function as a result,

1 +% [(1 +i tan)) <CD}:(12§C)> —1—i tan)\} = ¢(w(()). (11)
We note that
”2‘1250 R CI T <[3]‘10‘ Lyt L —9[2]%;) . (12)
Vol. 71 No. 3s (2022) 1368
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P P, P2\ , (P PP\ 4
=14 — —_ - — — — 1
swO) =1+ Po+ (2T e (BB oy (13)
Applying , and , we obtain that
30 P
by = 14
2T 21 —[2y) (1+i tanA) (14)
and

50 1 l
by = P— = P, (1
T (@Bly—1) (1+i tan\) [ ? <4+ 2(1—[2]y) (1+1 tan)\)) 1] (15)
Hence by and , we get the following

5 1 ¢
by — ubj = ([38]g = 1) (1 +1 tan ) [P2 - (4 " 2(1 = 1[2]y) (1 +i tanA)) Pf]
3(P 2
- [zr=m )
_ 5¢ X
(Bl —1) (144 tan )

{P2 - [411 + (2(1 2 (11 i tann) T 20(1— ?ﬁfﬁ]‘?{fi tan)\)> gpf] }
EED (51€+¢ tan \) {P2 - [111 * @88 - EZ;;(%[?]%; i;) “ﬂ }

Thus the above can be reduces as

5¢
by — b = (13lg— 1) (144 tan\) (Po = tFy),
where
1 (10(1—[Q]q)+9u([3]q—1)>£_ [1+ (—10vz+9uvs>4
4 20(1 + [2]4)? (1 +4 tan ) 4 200V}
Hence proved. O

Next, we establish the result for the function h € 5C;£ ((¢)), which satisfies the
equation @ The following theorem demonstrated in the same manner.

Theorem 11. Let —* < B < E, O0<g<landl#0.Ifhe€ EC& ((€)) satisfying

@]) such that 2 2
Y(w(()) =w(C) + V1+w?
where
_9(¢) -1
v =50+
and

¢(C) = 1+ piC +pal® + ...

1 (9ul3], —5[2]7
it ( 10[2]29 )E

where ¥ = 1+ tan 8 and p is a complex number.

for all ¢ € U. Then,

5/¢|
by — ub3| < 1
s = b2l < o1 ma"{ ’

} : (16)
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Proof. If h € ES;"e (1(¢)) then we have the Schwarz function as a result,
1+ E [(1 +1i tan\) <Cth(C)> —1—14 tan )\} = Y (w(()). (17)
¢ h(¢)
We note that
(Dyh(<) 1—[2, Blg—1,  1-1[2lg,5) -
= =1 b b b 1
and
PR it Py PPN 5 (Ps PP 3
¢(w(g))_1+2g‘+(2 8>C+ 5 1 o+ ... (19)
o . . [CDGh(Q)] . .
Similarly, we will obtain W and applying the equations and , we can
q

easily find the value of by and bs. Then, by using the same approach as applied in the
above Theorem [I0 one can have

5¢

by — b3 = P, — tP?
8T K% 2[3]q(1—|—itan)\)( 2~ P,
where
91[3], — 5[2]?
L1, (o8l - 522
10[2]219
Hence proved. O

3 The Fekete-Szego Functional Associated with the Shell shaped Region
using quasi subordination

The quasi-subordination established by Robertson in [I0] is an extension of the concept
of subordination.

In this section, we are going to establish the result for the function using quasi-subordination

_ A
Theorem 12. Let TW <A< g, 0<g<landl#0. Ifhe &S, ,(¥(()) satisties

the equation @ and consider

P(w(Q)) = w(¢) + V1+w?

where ©)
P(¢) — 1
w(¢) = 2/ — =
=50 +1

for all ( € U. Then,
54| 1 9uldyVs
—ub?| < 2L 1 - 2
‘b3 Mb2‘_V3]19| max{,do+<4 10‘/2219>d0}7 (20)
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and
3|¢|dy
b
Al
5/¢] dg
‘bg‘ < 7‘/3 |79‘ |:’d1’ + max {do, do + 1

where ¥ =141 tan A, Vo = [2]; — 1 and V3 = 3], — 1 and p is a complex number.

Proof. If h € 55’& (1(¢)), then we have the schwarz function as a result

1 . (Dgh(Q) .
7 [(1 +1i tan\) <h(C)) —1 tan)\} =q ¥(¢) — 1.
We note that
g%(lggg) ! _?)[Q]qM+ ([3]q10— Ly —9[2]%%) Ao (21)

and

Then we obtain that

(Dgh(C)

2[(1“’ tanA)( e

) =i tna| = e@wtuio) - 1 (22)

with

2 2 2 8

2
+ [do <];3 + P14P2) +dy (ZZ - 2)] ¢+ (23)

¢mwwm—uzﬂ%cﬂ5“+%<%—ﬁﬂe

with |d,| < 1 and |P;| < 1. Thus by applying (21)), and (23), we obtain that

34dy Py
b = AT R (4 tan (24)
and
5¢ p?
“:q%—nu+immﬂﬁﬂ+%<&+i>} 25)

Hence by and , we get the following

5¢ P2 3€d0P1
by — by = (8] = 1) (L +4 tan ) [dl Fi+do <P2 * 41)] — [2(1 —[2]g) (1 +i tan))
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using ¥ = 1+14 tan A, Vo =

|b3 — pub3|

1
here t = -~ —
where 1

Ipldo Vs
10V2 9

‘63 — Mb2

where

Hence proved.

The following result
Theorem [12

Theorem 13. Let 7 <a<Z
the equation (9) and let ¢(w(¢)) =
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— 1 and V3 = [3]; — 1, then the above can be reduced to
PPN 9pl?dgP?

1 2V 2
dy P2 9uldiP2Vs
4 10V v

1 9ubdoVs\

- — Pl d

1 10V2 0) Lo
2\ Pfld
wovze ) ™

{d1P1 +do (Pz +—=

[d1P1 +do P +

{aris [ (
e

‘{1+]P » + tP | do}

4

Vs |0
. Then the above inequality can be written as

5|4

2
<
< ) |1+ tan A

@ ’{1+\P2+tP12\d0}

75_1
4

Outdo([3)y — 1)
10(1 = [2])? (1 +4 tan\)

O

can be established by the same technique as applied in the

0<q<1and£7é0 IfheEC
( ¢) + V14 w?, where

¢ (¥(Q)) satisfies

¢(¢) — 1
w(() = —F———
= a0
for all ( € U. Then,
5/ 1 9uldy[3]
by — pbs| < 1,|d S-S )d 26
‘ 3~ H 2‘ = 2[3]q|19‘ maX{ » [do + <4 5[2]2 9 of (> ( )
where 9 =141 tan\, Vo = [2], — 1 and V3 = [3], — 1 and p is a complex number.
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