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Abstract 

Let Dsg(𝐶𝑛, 𝑖) be the family of split geodetic dominating sets of the cycle 

graph 𝐶𝑛. with cardinality i and let dsg(𝐶𝑛, 𝑖) = |𝐷𝑠𝑔(𝐶𝑛, 𝑖)|. Then the split 

geodetic polynomial Dsg(𝐶𝑛, 𝑥) of 𝐶𝑛 is defined as Dsg(𝐶𝑛, 𝑥) 

=∑ 𝑑𝑠𝑔(𝐶𝑛, 𝑖)𝑥𝑖𝑛
𝑖=γ𝑠𝑔(𝐶𝑛) , where γ𝑠𝑔(𝐶𝑛) is the split geodetic domination 

number of 𝐶𝑛.In this paper we have determined the family of split geodetic 

dominating sets of the cycle graph 𝐶𝑛 with cardinality i.Also , we have 

obtained the recursive formula to derive the split geodetic domination 

polynomials of cycles and also obtain some properties of this polynomial.  

Keywords : Cycle, Split geodetic dominating sets , Split geodetic domination 

Polynomial.  
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1 Introduction 

 Let G = (𝑉, 𝐸) be a simple graph of order | V |  =  n. A dominating set for a graph G = (𝑉, 𝐸) 

is a subset D of V such that every vertex not in D is adjacent to at least one member of D. The 

domination number γ(𝐺) is the number of vertices in a smallest dominating set for G[1][2]. 

We call a set of vertices S in a graph G a geodetic dominating set if S is both a geodetic set and 

a dominating set. The minimum cardinality of a geodetic dominating set of G is its geodetic 

domination number, and is denoted by γ𝑔(𝐺)[3] [4]. Split geodetic number of a graph was 

studied by in [5]. A geodetic set S of a graph G = (𝑉, 𝐸) is the split geodetic set if the induced 

subgraph ⟨𝑉 − 𝑆 is disconnected.The split geodetic number 𝑔𝑠(𝐺) of G is the minimum 

cardinality of a split geodetic set. A set S ⊆ 𝑉(𝐺) is said to be a split geodetic dominating set 

of G if S is both a split geodetic set and a dominating set of G.The minimum cardinality of the 

split geodetic dominating set of G is called the split geodetic domination number of G and is 

denoted by γ𝑔𝑠(𝐺).The concept of split geodetic domination number was introduced by P.Arul 
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Paul Sudhahar and J.Jeba Lisa in [6].A domination polynomial can be studied in [7][8][9] and 

the geodetic domination polynomial was studied in [10][11].  

A simple graph of ′𝑛′  vertices(𝑛 ≥ 3) and n edges forming a cycle of length ′𝑛′  is called as 

a cycle graph. In a cycle graph, all the vertices are of degree 2. Let Dsg(𝐶𝑛, 𝑖) be the family of 

split geodetic dominating sets of the cycle graph 𝐶𝑛. with cardinality i and let dsg(𝐶𝑛, 𝑖) =

|𝐷𝑠𝑔(𝐶𝑛, 𝑖)|. Then the split geodetic polynomial Dsg(𝐶𝑛, 𝑥) of 𝐶𝑛 is defined as Dsg(𝐶𝑛, 𝑥) 

=∑ 𝑑𝑠𝑔(𝐶𝑛, 𝑖)𝑥𝑖𝑛
𝑖=γ𝑠𝑔(𝐶𝑛) , where γ𝑠𝑔(𝐶𝑛) is the split geodetic domination number of 𝐶𝑛. 

2 Split Geodetic Dominating Set of the Cycle 𝑪𝒏 

Lemma 2.1. γ𝑠𝑔(𝐶𝑛) =   ⌈
𝑛

3
⌉   

 Lemma 2.2. Dsg(𝐶𝑛,  𝑖) = 𝜙  if and only if i  >  n or i  <   ⌈
𝑛

3
⌉  and Dsg(𝐶𝑛, 𝑖) > 0 if ⌈

𝑛

3
⌉   ≤

 i  ≤  n .  

Lemma 2.3. If Y ∈ 𝐷𝑠𝑔(𝐶𝑛−4, 𝑖 − 1) or Y ∈ 𝐷𝑠𝑔(𝐶𝑛−5, 𝑖 − 1) such that Y ∪ 𝑥 ∈ 𝐶𝑛, i for some 

x ∈ 𝑛, then Y ∈ 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1).  

 To find the split geodetic dominating set of  𝐶𝑛 with cardinality i, we can only consider 

𝐶𝑛−1, i − 1, 𝐶𝑛−2, i − 1, 𝐶𝑛−3, i − 1.The families of these split geodetic dominating sets will be 

empty or otherwise.Thus there are eight such combinations among which three of these 

combinations are not possible  that is, if 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙  then 

𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)  = 𝜙  and if 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1)  ≠  ϕ,  𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1)  ≠ 𝜙  then 

𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)  ≠  , also if 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙 

then 𝐷𝑠𝑔(𝐶𝑛, 𝑖) = 𝜙 . Hence we can consider only the remaining five combinations. 

Lemma 2.4.  (i) If 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙 then 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝜙  (ii) 

If 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1)  ≠  ϕ,  𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1)  ≠ 𝜙 then 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)  ≠  𝜙   

(iii) 𝐼𝑓 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = Φ then      𝐷𝑠𝑔(𝐶𝑛, 𝑖) = 𝜙. 

Proof. 

(i) If 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙 then 𝑖 − 1  >  𝑛 − 1 or 𝑖 − 1 < ⌈
𝑛−`1

3
⌉ and  

𝑖 − 1  >  𝑛 − 3 or  𝑖 − 1 < ⌈
𝑛−3

3
⌉ ⇒ 𝑖 − 1 < ⌈

𝑛−2

3
⌉ 𝑜ri − 1 > 𝑛 − 2 holds .Therefore 

𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝜙. 

(ii) If 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1)  ≠  𝜙,  𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1)  ≠ 𝜙 then ⌈
𝑛−1

3
⌉   ≤  𝑖 − 1  ≤  𝑛 −

1  𝑎𝑛𝑑  ⌈
𝑛−3

3
⌉   ≤  𝑖 − 1  ≤  𝑛 − 3   ⇒   ⌈

𝑛−1

3
⌉   ≤  𝑖 − 1  ≤  𝑛 − 3  𝑎𝑛𝑑  ⌈

𝑛−2

3
⌉   ≤   ⌈

𝑛−1

3
⌉   ≤  𝑖 −

1  ≤  𝑛 − 3  <  𝑛 − 2  ⇒ ⌈
𝑛−2

3
⌉   ≤  𝑖 − 1  ≤  𝑛 − 2}.Therefore 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)  ≠  𝜙  . 
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(iii) 𝐼𝑓 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = Φ then 𝑖 − 1 < ⌈
𝑛−1

3
⌉ 

𝑜𝑟  𝑖 − 1  >  𝑛 − 1 ;  𝑖 − 1  <   ⌈
𝑛−2

3
⌉   𝑜𝑟 𝑖 − 1  >  𝑛 − 2  and 𝑖 − 1 < ⌈

𝑛−3

3
⌉ 𝑜𝑟𝑖 − 1 > 𝑛 −

1 ⇒ 𝑖 < ⌈
𝑛−3

3
⌉ + 1  𝑜𝑟𝑖 > 𝑛 ⇒ 𝑖 < ⌈

𝑛

3
⌉ 𝑜𝑟𝑖 > 𝑛. Therefore 𝐷𝑠𝑔(𝐶𝑛, 𝑖) = 𝜙. 

Lemma 2.5. If 𝐷𝑠𝑔(𝐶𝑛, 𝑖) ≠ Φ then we have 

  (i)  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝜙 and  𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙 if and 

only if 𝑛 =  3𝑘 , 𝑖 =  𝑘  , for some positive integer 𝑘 . 

  (ii)  𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) =  𝜙 and  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ Φ if 

and only if  𝑖 =  𝑛.  

  (iii) 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ ϕ; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 and 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙 if 

and only if 𝑖 = 𝑛 − 1. 

  (iv)  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝜙 ; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 and 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙 if 

and only if 𝑛 = 3𝑘 + 2 and 𝑖 = ⌈
3𝑘+2

3
⌉ for some 𝑘 ∈ 𝑁. 

(iv) 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 and 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙 if and only if 

⌈
𝑛−1

3
⌉ + 1 ≤ 𝑖 ≤ 𝑛 − 2. 

Proof. 

(i)  Since  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝜙 ⇒ 𝑖 − 1 > 𝑛 − 1 𝑜𝑟𝑖 − 1 < ⌈
𝑛−1

3
⌉ 

and 𝑖 − 1  >  𝑛 − 2 𝑜𝑟 𝑖 − 1  <   ⌈ 
𝑛−2

3
 ⌉    ⇒   𝑖 − 1 <   ⌈ 

𝑛−2

3
 ⌉ or 𝑖 − 1 >  𝑛 − 1. If 𝑖 − 1 >

 𝑛 − 1 then 𝑖 > 𝑛 and hence 𝐷𝑠𝑔(𝐶𝑛, 𝑖) = 𝜙 which is a contradiction.Therefore 𝑖 − 1 <

⌈
𝑛−2

3
⌉ ⇒ 𝑖 < ⌈

𝑛−2

3
⌉ + 1 . Also since 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙, 𝑡ℎ𝑒𝑛 ⌈

𝑛−3

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 3. Hence 

⌈
𝑛−3

3
⌉ + 1 ≤ 𝑖 < ⌈

𝑛−2

3
⌉ + 1 → ⌈

𝑛

3
⌉ ≤ 𝑖 < ⌈

𝑛−2

3
⌉ + 1 . This is true only when  𝑛 =  3𝑘 + 2 and  

𝑖 = 𝑘 for some 𝑘 ∈ 𝑁.Conversely assume 𝑛 = 3𝑘 + 2 and 𝑖 = 𝑘 for some 𝑘 ∈ 𝑁  then by 

lemma 2.2  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝜙𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙. 

(ii)   Since 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝜙 𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙, 𝑡ℎ𝑒𝑛 𝑖 − 1 < ⌈
𝑛−3

3
⌉ 𝑜𝑟𝑖 −

1 > 𝑛 − 2 .If 𝑖 − 1 < ⌈
𝑛−2

3
⌉ 𝑜𝑟𝑖 − 1 > 𝑛 − 2 and 𝑖 − 1 < ⌈

𝑛−3

3
⌉ or 𝑖 − 1 > 𝑛 − 3 ⇒ 𝑖 − 1 <

⌈
𝑛−3

3
⌉ or 𝑖 − 1 > 𝑛 − 2.If  𝑖 − 1 < ⌈

𝑛−3

3
⌉ then 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝜙,which is a contradiction , 

so we have 𝑖 − 1 > 𝑛 − 2 ⇒ 𝑖 >  𝑛 − 1 ⇒ 𝑖 ≥ 𝑛.Also since 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙 then 

⌈
𝑛−1

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 1 ⇒ 𝑖 ≤ 𝑛.Hence 𝑖 = 𝑛.Conversely if 𝑖 = 𝑛 , then  𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)  =

 𝐷𝑠𝑔(𝐶𝑛−2, 𝑛 − 1)  = 𝜙 , 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑛 − 1) = 𝜙 and  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) =

𝐷𝑠𝑔(𝐶𝑛−1, 𝑛 − 1) ≠ 𝜙[𝑆𝑖𝑛𝑐𝑒𝐷𝑠𝑔(𝐶𝑛−1, 𝑛 − 1) = 1]. 

(iii)  Assume 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙, 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 𝑎𝑛𝑑 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) =

𝜙. 𝑆𝑖𝑛𝑐𝑒𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙, 𝑖 − 1 > 𝑛 − 3𝑜𝑟𝑖 − 1 < ⌈
𝑛−3

3
⌉. Since 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠
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𝜙, ⌈
𝑛−2

3
⌉ < 𝑖 − 1 ≤ 𝑛 − 2 . That is , 𝑖 − 1 < ⌈

𝑛−3

3
⌉ is not possible. Therefore , 𝑖 − 1 >  𝑛 −

3 ⇒ 𝑖 − 1 ≥ 𝑛 − 2 , But 𝑖 − 1 ≤ 𝑛 − 2 ⇒ 𝑖 − 1 =  𝑛 − 2 ⇒ 𝑖  =  𝑛 − 1. Conversely 

suppose 𝑖 = 𝑛 − 1 , then 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−1, 𝑛 − 2) ≠ 𝜙, 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) =

𝐷𝑠𝑔(𝐶𝑛−2, 𝑛 − 2) ≠ 𝜙, 𝑏𝑢𝑡𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑛 − 2) = 𝜙. 

(iv) Assume 𝐷𝑠𝑔(𝑐𝑛−1, 𝑖 − 1) = 𝜙; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 and 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙. Since 

𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝜙, 𝑖 − 1 > 𝑛 − 1 𝑎𝑛𝑑 𝑖 − 1 < ⌈
𝑛−1

3
⌉ . 𝐼𝑓 𝑖 − 1 > 𝑛 − 2 then  

𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) are empty , which is a contradiction. Therefore  𝑖 − 1 <

⌈
𝑛−1

3
⌉ ⇒ 𝑖 < ⌈

𝑛−1

3
⌉ + 1. Since 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 and 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙, we have 

⌈
𝑛−2

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 2 𝑎𝑛𝑑 ⌈

𝑛−3

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 3 . Therefore ⌈

𝑛−2

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 3 . Hence 

⌈
𝑛−2

3
⌉ + 1 ≤ 𝑖 < ⌈

𝑛−1

3
⌉ + 1. This holds only when 𝑛 = 3𝑘 + 2 and 𝑖  =  𝑘 + 1  for some 𝑘 ∈

𝑁. Conversely , assume 𝑛 = 3𝑘 + 2 and 𝑖 = 𝑘 + 1  , then 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) =

𝜙; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙. 

(v) Assume 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙; 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙. Then  

⌈
𝑛−1

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 1; ⌈

𝑛−2

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 2 and  ⌈

𝑛−3

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 3 ⇒ ⌈

𝑛−1

3
⌉ ≤ 𝑖 −

1 ≤ 𝑛 − 3 ⇒ ⌈
𝑛−1

3
⌉ + 1 ≤ 𝑖 ≤ 𝑛 − 2. Conversely, suppose ⌈

𝑛−1

3
⌉ + 1 ≤ 𝑖 ≤ 𝑛 − 2. Therefore 

⌈
𝑛−1

3
⌉ ≤ 𝑖 − 1 ≤ 𝑛 − 1 ; ⌈ 

𝑛−2

3
 ⌉   ≤  𝑖 − 1 ≤  𝑛 − 2 𝑎𝑛𝑑  ⌈ 

𝑛−3

3
 ⌉   ≤  𝑖 − 1 ≤  𝑛 − 3. From 

these we obtain 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙. 

Lemma 2.6  If 𝐷𝑠𝑔(𝐶𝑛, 𝑖) ≠ 𝜙, then  

  (i)𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = ϕ𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠

ϕ, 𝑡ℎ𝑒𝑛𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {1,4, … , 𝑛 − 2}, {2,5, … , 𝑛 − 1}, {3,6, … , 𝑛}.  

  (ii) 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = ϕ𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠

ϕ 𝑡ℎ𝑒𝑛𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {1,2, … , 𝑛}. 

  (iii) 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ ϕ; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙 and D𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙 

then 𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {[𝑛] − 𝑥/𝑥 ∈ 𝑛}.    

                        (iv)  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = ϕ; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ ϕ𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙, 

then 𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {{1,4, . . , 𝑛 − 4, 𝑛 − 1}, {2,5, … . , 𝑛 − 3, 𝑛}, {3,6, … . , 𝑛 − 2, 𝑛}} ∪ 

                     {  X ∪ { 
𝑛 − 2                                               𝑖𝑓       1 ∈  𝑋
𝑛 − 1      𝑖𝑓  1 ∉  𝑋, 2 ∈ 𝑋 /𝑋 ∈ 𝐶𝑛−3, 𝑖 − 1

𝑛                                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

   

                    (v)𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ ϕ; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ ϕ𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠ 𝜙 then 

𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {{𝑛} ∪ 𝑋/𝑋 ∈ 𝐶𝑛−1, 𝑖 − 1} ∪ 
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       {  𝑋1 ∪ {
{𝑛} 𝑖𝑓 𝑛 − 2 𝑜𝑟 𝑛 − 3 ∈  𝑋1 𝑓𝑜𝑟 𝑋1 ∈ 𝐶𝑛−2, 𝑖 − 1\𝐶𝑛−1, 𝑖 − 1 

{𝑛 − 1} 𝑖𝑓 𝑛 − 2 ∉  𝑋1, 𝑛 − 3 ∉  𝑋1 𝑜𝑟 𝑋1 ∈ 𝐶𝑛−1, 𝑖 − 1 ∩ 𝐶𝑛−1, 𝑖 − 1  
 ∪ 

  {  𝑋1 ∪ {
{𝑛 − 2} 𝑖𝑓 1 ∈  𝑋2 𝑓𝑜𝑟 𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1𝑜𝑟  𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1 ∩ 𝐶𝑛−2, 𝑖 − 1 
{𝑛 − 1} 𝑖𝑓 𝑛 − 3 ∈  𝑋2 𝑜𝑟 𝑛 − 4 ∈  𝑋2  𝑓𝑜𝑟 𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1/𝐶𝑛−2, 𝑖 − 1  

 

Proof. 

           (i)Since 𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = ϕ𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠

ϕ,then by Lemma2.5(𝑖)𝑛 = 3𝑘𝑎𝑛𝑑𝑖 = 𝑘 𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑘 ∈ 𝑁. Hence 𝐷𝑠𝑔(𝑃𝑛, 𝑖) = {1,4,7, … , 𝑛 −

2}, {2,5,8, … , 𝑛 − 1}, {3,6,9, … , 𝑛}.  

  (ii)Since 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) = 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) = 𝜙 and  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙 

, then by lemma 2.5 (ii) 𝑖 = 𝑛 .Therefore 𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {1,2, … , 𝑛}. 

  (iii)Since  𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ ϕ; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ ϕ  𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 −

1) = 𝜙 , then by lemma 2.5 (iii) 𝑖 = 𝑛 − 1 , then  𝐷𝑠𝑔(𝐶𝑛, 𝑖) = {[𝑛] − 𝑥/𝑥 ∈ [𝑛]}. 

                          (𝑖𝑣)   𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) = 𝜙 ;  𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1)  ≠ 𝜙 𝑎𝑛𝑑 𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1)  ≠

𝜙 , then by theorem,we have 𝑛 = 3𝑘 + 2, 𝑖 = 𝑘 + 1,for some 𝑘 ∈ 𝑁.We denote {{1,4, . . , 𝑛 −

4, 𝑛 − 1}, {2,5, … . , 𝑛 − 3, 𝑛}, {3,6, … . , 𝑛 − 2, 𝑛}} and  

{  X ∪ { 
3𝑘                                               𝑖𝑓       1 ∈  𝑋

3𝑘 + 1      𝑖𝑓  1 ∉  𝑋, 2 ∈ 𝑋 /𝑋 ∈ 𝐶𝑛−3, 𝑖 − 1
3𝑘 + 2                                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

as 𝑌1  and 𝑌2.We have to prove that 𝐶3𝑘+2, 𝑘 + 1 = 𝑌1 ∪ 𝑌2.Since 𝐶3𝑘, 𝑘 = {1,4,7, … , 𝑛 −

2}, {2,5,8, … , 𝑛 − 1}, {3,6,9, … , 𝑛}. ,then 𝑌1 ⊆ 𝐶3𝑘+2, 𝑘 + 1.Also it is obvious that  𝑌2 ⊆

𝐶3𝑘+2, 𝑘 + 1.Hence 𝐶3𝑘+2, 𝑘 + 1 = 𝑌1 ∪ 𝑌2. Now let 𝑌 ∈ 𝐶3𝑘+2, 𝑘 + 1, then  , at least one of 

the vertices labelled 3𝑘 +  2, 3𝑘 +  1 or 3𝑘 is in 𝑌 . Suppose that 3𝑘 +  2 \𝑖𝑛 𝑌 , then , atleast 

one of the vertices labeled 1, 2 𝑜𝑟 3 and 3𝑘 +  1, 3𝑘 or 3𝑘 − 1 are in 𝑌. If 3𝑘 +  1 and at least 

one of {1,2,3}, and also 3𝑘 and at least one of {1,  2} are in 𝑌 , then 𝑌 − {3𝑘 + 2} ∈ 𝐶3𝑘+1, 𝑘, 

a contradiction. If {3𝑘, 𝑘} or{2,3𝑘 − 1} is a subset of 𝑌 ,then 𝑌 = 𝑋 ∪ {3𝑘 + 2} for some 𝑋 ∈

𝐶3𝑘, 𝑘. Hence 𝑌 ∈ 𝑌1. If {1,3𝑘 − 1} is a subset of 𝑌 , then 𝑌 − {3𝑘 + 2} ∈ 𝐶3𝑘+1, 𝑘, a 

contradiction. If  {3,3𝑘 − 1} is a subset of 𝑌 and {3𝑘,  3𝑘  +  1} is not a subset of 𝑌 , then 𝑌 −

3𝑘 + 2 ∈ 𝐶3𝑘−1, 𝑘. Hence 𝑌 ∈ 𝑌2. If 3𝑘 +  1 or 3𝑘 is in 𝑌 , we also have the result by the 

similar argument as above. 

                           (iv)   𝐷𝑠𝑔(𝐶𝑛−1, 𝑖 − 1) ≠ 𝜙; 𝐷𝑠𝑔(𝐶𝑛−2, 𝑖 − 1) ≠ 𝜙𝑎𝑛𝑑𝐷𝑠𝑔(𝐶𝑛−3, 𝑖 − 1) ≠

𝜙.First suppose that 𝑋 ∈ 𝐶𝑛−1, 𝑖 − 1,then 𝑋 ∪ {𝑛} ∈ 𝐶𝑛, 𝑖.So 𝑌1 = {{𝑛} ∪  𝑋 / 𝑋  ∈  𝐷𝑛−1, 𝑖 −

1} ⊆  𝐷𝑠𝑔(𝐶𝑛, 𝑖)w suppose that 𝐶𝑛−2, 𝑖 − 1 ≠ 𝜙 .Let 𝑋1 ∈ 𝐶𝑛−2, 𝑖 − 1.We denote  

    {  𝑋1 ∪ {
{𝑛} 𝑖𝑓 𝑛 − 2 𝑜𝑟 𝑛 − 3 ∈  𝑋1 𝑓𝑜𝑟 𝑋1 ∈ 𝐶𝑛−2, 𝑖 − 1\𝐶𝑛−1, 𝑖 − 1 

{𝑛 − 1} 𝑖𝑓 𝑛 − 2 ∉  𝑋1, 𝑛 − 3 ∉  𝑋1 𝑜𝑟 𝑋1 ∈ 𝐶𝑛−1, 𝑖 − 1 ∩ 𝐶𝑛−1, 𝑖 − 1  
 

 by 𝑌2.we know that at least one of the vertices labeled 𝑛 −  3, 𝑛 −  2 or 1 
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is in 𝑋1. If 𝑛 − 2 or 𝑛 − 3 is in 𝑋1, then 𝑋1 ∪ {𝑛} ∈ 𝐶𝑛, 𝑖, otherwise 𝑋1 ∪ {𝑛 − 1} ∈ 𝐶𝑛, 𝑖.Hence 

𝑌2 ⊆ 𝐶𝑛, 𝑖.Consider 𝐶𝑛−3, 𝑖 − 1 ≠ 𝜙.Let 𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1.We denote  

      

 {  𝑋1 ∪ {
{𝑛 − 2} 𝑖𝑓 1 ∈  𝑋2 𝑓𝑜𝑟 𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1𝑜𝑟  𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1 ∩ 𝐶𝑛−2, 𝑖 − 1 
{𝑛 − 1} 𝑖𝑓 𝑛 − 3 ∈  𝑋2 𝑜𝑟 𝑛 − 4 ∈  𝑋2  𝑓𝑜𝑟 𝑋2 ∈ 𝐶𝑛−3, 𝑖 − 1/𝐶𝑛−2, 𝑖 − 1  

 

by 𝑌3. If  𝑛 −  3 𝑜𝑟 𝑛 −  4 is in 𝑋, then 𝑋 ∪ {𝑛 − 1} ∈ 𝐶𝑛, 𝑖, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒𝑋2 ∪ {𝑛 − 2} ∈

𝐶𝑛, 𝑖.Hence 𝑌3 ⊆ 𝑌 .Therefore we have proved that 𝑌1 ∪ 𝑌2 ∪ 𝑌3 ⊆ 𝐶𝑛, 𝑖.Now suppose that 𝑌 ∈

𝐶𝑛, 𝑖, so , 𝑌 contain at least one of the vertices labeled 𝑛, 𝑛 − 1 𝑜𝑟 𝑛 − 2. If 𝑛 ∈ 𝑌 , so at least 

one of the vertices labeled 𝑛 − 1, 𝑛 − 2𝑜𝑟 𝑛 − 3  and 1, 2 𝑜𝑟 3 are in 𝑌 . If 𝑛 − 2 ∈ 𝑌 or 𝑛 −

3  ∈  𝑌 ,then 𝑌 = 𝑋 ∪ {𝑛} for some 𝑋 ∈ 𝐶𝑛−1, 𝑖 − 1.Hence 𝑌 ∈ 𝑌2. Otherwise 𝑌 = 𝑋 ∪ {𝑛 −

1} for some 𝑋 ∈ 𝐶𝑛−2, 𝑖 − 1.Hence 𝑌  ∈  𝑌2 If 𝑛 −  1 𝑜𝑟 𝑛 −  2 is in 𝑌 , we also have the result 

by the similar argument as above. 

3 Split Geodetic Domination Polynomial of a cycle. 

 

Let Dsg(𝐶𝑛, 𝑖) be the family of split geodetic dominating sets of the cycle graph 𝐶𝑛. with 

cardinality i and let dsg(𝐶𝑛, 𝑖) = |𝐷𝑠𝑔(𝐶𝑛, 𝑖)|. Then the split geodetic polynomial Dsg(𝐶𝑛, 𝑥) 

of 𝐶𝑛 is defined as Dsg(𝐶𝑛, 𝑥) =∑ 𝑑𝑠𝑔(𝐶𝑛, 𝑖)𝑥𝑖𝑛
𝑖=γ𝑠𝑔(𝐶𝑛) , where γ𝑠𝑔(𝐶𝑛) is the split geodetic 

domination number of 𝐶𝑛.In this paper we have determined the family of split geodetic 

dominating sets of the cycle graph 𝐶𝑛 with cardinality i. 

Lemma 3.1. For every 𝑛 ≥ 9 ,  𝐷𝑠𝑔(𝐶𝑛, 𝑥) =  𝑥[ 𝐷𝑠𝑔(𝐶𝑛−1, 𝑥) +  𝐷𝑠𝑔(𝐶𝑛−2, 𝑥) +

𝐷𝑠𝑔(𝐶𝑛−3, 𝑥)] with initial values  

𝐷𝑠𝑔(𝐶3, 𝑥) = 𝑥3; 

𝐷𝑠𝑔(𝐶4, 𝑥) = 4𝑥3 + 𝑥4; 

𝐷𝑠𝑔(𝐶5, 𝑥) = 5𝑥3 + 5𝑥4 + 𝑥5; 

𝐷𝑠𝑔(𝐶6, 𝑥) = 12𝑥3 + 10𝑥4 + 6𝑥5 + 𝑥6; 

𝐷𝑠𝑔(𝐶7, 𝑥) = 14𝑥3 + 21𝑥4 + 16𝑥5 + 7𝑥6 + 𝑥7; 

𝐷𝑠𝑔(𝐶8, 𝑥) = 8𝑥3 + 31𝑥4 + 36𝑥5 + 23𝑥+8𝑥7 + 𝑥8; 

𝐷𝑠𝑔(𝐶9, 𝑥) = 3𝑥3 + 34𝑥4 + 62𝑥5 + 58𝑥+31𝑥7 + 9𝑥8 + 𝑥9 

Table1: 𝐷𝑠𝑔(𝐶𝑛, 𝑗) ,the number of split geodetic dominating set of 𝐶𝑛 with cardinality 𝑗 

n/j 3 4 5 6 7 8 9 10 11 12 13 14 

3 1            
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4 4 1           

5 5 5 1          

6 12 10 6 1         

7 14 21 16 7 1        

8 8 31 36 23 8 1       

9 3 34 62 58 31 9 1      

10 0 25 86 114 88 40 10 1     

11 0 11 90 184 195 127 50 11 1    

12 0 3 70 238 356 314 176 61 12 1   

13 0 0 39 246 536 639 481 236 73 13 1  

14 0 0 14 199 668 1087 1080 707 308 86 14 1 

 

 Using lemma 2.6 ,we obtain 𝑑𝑠𝑔(𝐶𝑛, 𝑗)𝑓𝑜𝑟3 ≤ 𝑛 ≤ 14 as shown in Table1. 

References  

[1] J. Cyman, “The outerconnected domination number of a graph,” Australasian journal of 

Combinatorics, vol. 38, pp. 35–46, 2007.  

[2] E. Sampathkumar and H. Walikar, “The connected domination number of a graph,” J. Math. 

Phys, 1979.   

[3] J. Nieminen, “Two bounds for the domination number of a graph,” IMA Journal of Applied 

Mathematics, vol. 14, no. 2, pp. 183–187, 1974.  

[4] A. Hansberg and L. Volkmann, “On the geodetic and geodetic domination numbers of a 

graph,” Discrete mathematics, vol. 310, no. 15-16, pp. 2140–2146, 2010.  

[5] H. Escuadro, R. Gera, A. Hansberg, N. Jafari Rad, and L. Volkmann, “Geodetic domination 

in graphs,” JCMCC-Journal of Combinatorial Mathematicsand Combinatorial Computing, vol. 

77, p. 89, 2011.  

[6] T. Gubbi and S. Shankarghatta, “Split geodetic number of a graph,” 2014. 

 [7] P. A. P. Sudhahar and J. J. Lisa, “Split geodetic domination number of a graph,” in Don 

BoscoCollege (Co-Ed), Yelagiri Hills: International Conference on Mathematics and Computer 

Applications (ICMCA 2020) accepted, 2022.  

[8] S. Alikhani and Y.-h. Peng, “Introduction to domination polynomial of a graph,” arXiv 

preprint arXiv:0905.2251, 2009. 

http://philstat.org.ph/


Mathematical Statisticianand Engineering Applications 
ISSN:2094-0343 

2326-9865 

Vol.71No. 3s 2 (2022) 
http://philstat.org.ph            2097 

 [9] S. Alikhani and Y.-H. Peng, “Dominating sets and domination polynomials of certain 

graphs, ii,” Opuscula Mathematica, vol. 30, no. 1, pp. 37–51, 2010.  

[10] S. Alikhani and Y.-H. Peng, “Dominating sets and domination polynomials of paths,” 

International journal of Mathematics and mathematical sciences, vol. 2009, 2009.  

[11] N. J. Beaula and A. Vijayan, “Geodetic dominating set and geodetic domination 

polynomials of extended grid graphs,” Journal of Science and Technology, vol. 5, no. 1, pp. 

09–16, 2020.  

 

   

 

 

 

http://philstat.org.ph/

