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1 Introduction

The lattice of sublattices of a lattice with convex sublattices has been studied in some detail
by K. M. Koh [3] in the year 1972. He had investigated the internal structure of a lattice L, in
relation to CS(L), like so many other authors for various algebraic structures such as groups,
Boolean algebras, directed graphs and so on. In 1992, V. K. Santhi [12] constructed a new
Eulerian lattice S(B,,) from a Boolean algebra B,, of rank n. In 2012, R. Subbarayan and A.
Vethamanickam [15] have proved in their paper that the lattice of convex sublattices of a
Boolean algebra B,,, of rank n, CS(B,;) with respect to the set inclusion relation is a dual
simplicial Eulerian lattice. Neither simplicity nor dual simplicity are characteristics
associated with the set inclusion relation.

In this paper, we are going to look at the structure of CS[S3(B,)] and prove it to be
Eulerian under ' €' relation. S(B,) is shown in figure 1. We note that S(B,) contains three
copies of B,, we call them left copy, right copy and middle copy of S(B,).
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Figure 1

2099

is also Eulerian.

X L,

we use [2], [11] and [12].

Figure 2-S3(B,)

are two Eulerian lattices then L,
There is no way to contain a three element chain as an interval. In the case that an

Lemma 1.1. [8] A finite graded poset P is Eulerian if and only if all intervals[x, y] of length
undefined term needs to be referred to

[ = 1in P contain an equal number of elements of odd and even rank.

2 The Eulerian property of the lattice CS[S3(B,)]

Lemma 1.2.[13] If L, and L,
Vol. 71 No. 3s2 (2022)
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Lemma 2.1. For n > 1, we have 1+2+()+2+2+2[2+()+ ] [(?)+2]+
2(5)+ (5)+22(() + 2] +2(5) + () +2[2(5) + ()] + 2 () + () + 222 (5) +
G +26)+ G)+2[26)+ G +26) + () +--+22[2(5)+ ()] +
2(35)+ (5) + 2 [2(5) + GEl + 2 () + 222 () + G5)| + 2 (35) +
2|2(2)|+22[2 ()] +1=3%2" - 26.

Theorem 2.2 €S[S3(B,)], the lattice of convex sublattices of S3(B,,)with respect to the set
inclusion relation is an Eulerian lattice.

3

Proof

We first note that, the number of elements of ranks 0,1,2,..,n + 1inS(B,)are, 1,2 +
(3)2(0)+ ()20 + () 2(55) + () 2(52) 1 respectively.

The number of elements of ranks 0,1,2,...,n+ 2 in S[S(B,,)] are, 1,2 +( )+ 2,2 [( )

2|+2(3)+ () 2[2() + Gl +2( ) ():22G)+El+26)+
(%)2 [2 (%)+(n 1)] +2( ) [2 (n 1)] 1respectively.

The number of elements of ranks 0,1,2,..,n+3 in S3(B,) are, 12+( )+2+

safes ()22 2] +2() () 22[() 4 2] 2(2) 6 () 422 ()
@ +2E)+ ) 2220+ EOl+26) + Q) +2[2(0)+ ()] +2(6) +
()22 (55) + GH)|+2 () + (B5) + 22 () + (G9)) +
2(2),22[2(2) + ()] +2 () +2[2 ()], 22 [2 ()] 1respectively.

It is clear that the rank of CS[S3(B,)], isn + 4.

We are going to prove that CS[S3(B,,)], is Eulerian.

That is, to prove that this interval [, S3(B,)] has the same number of elements of odd and
even rank.

Let A; be the number of elements of rank i in CS[S3(B,)], i = 1,2,...,n + 3.

A;= The number of singleton subsets of S3(B,,)

=142+ (B +2+2+22+ (5)+2]+2|(3) +2]+2(2) + (5) +22|(2) + 2]+
2(3)+ () +2[2(0)+ O] +2() + )+ 2220+ G)] +2(5) + () +
2[2(5)+ )] +2(5)+ () ++222(5) + ()] +2(25) + ) +
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() s ()] v2() v () ()] v 2(m) w2l ()]s
22[2(Z)]+ Lo @.1.1)

A, = The number of rank 2 convex sublattices in S3(B,,)
= The number of edges in S3(B,,)

= The number of edges containing 0 + number of edges with an atom at the bottom +
The number of edges from the rank 2 elements+ --- +The number of edges with a coatom of
§3(B,)at the bottom.

Number of edges containing 0 is, 2 + G) 242 (2.2)

The number of edges with an extreme atom at the bottom of the edge= 2 + ( ) + 2. There

are 2 extreme atoms, this means that the total number of these edges will be equal to 2 [2 +
n

(3)+2]

Let X be an atom in the middle copy, then

[x, 1]
= {{S2(B,) if x be in an extreme copies of S3(B,),S*(Bn_1) ifx be in the middle copy of S*(B,)]

If [x,1] = S?(B,),thereare 2 + ( ) + 2 edges.

There are 2 extreme atoms, this means that the total number of these edges will be equal to
2[2 + G) + 2]. If [x,1] = S3(B,_1), thereare 2 + 2 + ( ) + 2 edges. There are 2 + ( )

such atoms, since, the middle copy of S3(B,,) is of the form S2(B,,), whose middle copy is of
the form S (B,,), this means that the total number of these edges will be equal to (2 +

( ))[2 +2+ ( ) + 2]. Hence, the number of edges that have an atom at the bottom of the

edge is a total of 2[2+G)+2]+2[2+()+2]+(2+())[2+2+( )+2]
(23)

Now to find, the number of edges with an element of rank 2 at the bottom.

Let x be a rank 2 element in the left copy. Then,
[x,1] = {{S(Bn) if x € extreme copies of left copy of S3(B,),S?(B,_1) ifx
€ middle copy of left copy S*(B,)}}
If [x, 1] = S(B,,), there are (2) + 2 edges in both extreme copies. Totally, 2((3) + 2) edges
are there. If [x,1] = S%(B,_,) , the number of edges from x is 2 + ( ) + 2. There are 2 +
(I) such elements, since, the middle copy of S3(B,) is of the form S$2(B,,) whose middle

copy is of the form S(B,,), therefore, totally 2 + (?) [2+ ( ) + 2] edges in the middle of
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the left copy of S3(B,).The number of edges in the left copy that have an element of rank 2
at the bottom is = Z[G) +2]+ 2+ (%))[2 + ( ) + 2]. Similarly, the number of edges in

the right copy that have an element of rank 2 at the bottom is therefore = 2[(;) +2]+ 2+

(Eprz+ (=) +21.

Let x be a rank 2 element in the middle copy of S3(B,,).

Then, [x,1] = {{S?(B,_y) if x €
extreme copies of middle copy of S3(B,,), S3(B,_,) ifx €
middle copy of middle copy S*(B,)}}

If [x,1] = S?(B,_,), the number of edges from x is 2 + ( ) + 2. There are 2 + ( ) such
elements in both extreme copies. Totally, (2 + ( ))(2 + ( ) + 2) edges. If [x,1] =

53(B,,—3),,the number of edges from xis 2 + 2 +( )+ 2. There are 2( )+ (3) such
elements, therefore, totally (2 (;) +( ))[2 +2+ ( )+ 2] edges in the middle of the

middle copy of S3(B,,). The number of edges in the middle copy that have an element of rank
2 at the bottom is therefore 2[(2 + ( ))(2 + ( ) +2)] + (2( ) ( ))[2 +2+ (n—zz) +
2] edges. Hence, the total number of edges from a rank 2 element can be expressed as
follows: 2[2[(2) + 21+ @+ (A2 + (52) + 20+ 202+ (Ahe+ (B52) + 21 +
Q) +EPr+2+(32) + 2] (2.4)

Now to find, the number of edges with an element of rank 3 at the bottom. Let x be a rank 3
element in the extreme copies in the left copy of S3(B,,).

Then, [x, 1] = S(B,,_1),ifx € an extreme copies of leftcopy of S3(B,)

=~ S2(B,,_,),ifx € middle copy of left copy of S3(B,)

If [x,1] = S(B,,_,), the number of edges from x is 2 + ( - ) There are 2 + ( )such x's in

both extreme copies. Totally, (2 + ( ))(2 + ( ) edges from such x's in the extreme copies
of left copy.

If [x,1] = S?(B,,_,), then the number of edges from x is 2 + ( )+ 2. There are 2( )
(g) such elements in both extreme copies. Totally, (2( ) ( ))(2 + ( )+ 2) edges. If

n

[x,1] = S3(B,_,),the number of edges from x is 2 + 2 + ( ) + 2. There are 2 ( ) (—)

2
such elements, therefore, totally (2 (I) ( ))[2 + 2 +( )+ 2] edges in the middle of
the left copy of S3(B,,). The number of edges in the left copy that have an element of rank 3

at the bottom is therefore 2[(2 + (%))(2 + ( ))] + (2( ) ( ))[2 + ( ) + 2] edges.
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Similarly, the number of edges in the right copy that have an element of rank 3 at the bottom

is therefore, 2[(2 + ()2 + (D1 + @ (3) + Gz + (%52) + 21

Let x be a rank 3 element in the middle copy of S3(B,,).

Then, [x,1] = {{S%(B,_,) if x €
extreme copies of middle copy of S3(B,,), S3(B,_3) ifx €
middle copy of middle copy S*(B,,)}}

n

If [x,1] = S%(B,_,), the number of edges from x is 2 + ( ) + 2. There are 2( )+ (E)

such elements in both extreme copies. Totally, (2 ( ) ( ))(2 + ( ) + 2) edges.

If [x,1] = S3(B,,_3),,the number of edges from xis 2 + 2 + ( )+ 2. There are 2( )+

(%) such elements, therefore, totally (2 (E) + ( ))[2 +2+ ( ) + 2] edges in the middle
of the middle copy of S3(B,,). The number of edges in the middle copy that have an element
of rank 3 at the bottom is therefore 2[(2( ) ( ))(2 + ( )+ 2)] + (2( ) ( ))[2 +

2 +( )+ 2] edges. Hence, the total number of edges from a rank 3 element can be
expressed as follows: 2{2[(2 + ( ))(2 + ( ))] + (2( ) ( ))[2 + ( ) + 2]} +

21 (E) + (P (5) v+ 210 () + (P (5 r o1+ () + (i

2+ (S2) + 2] e 2.5)

We can proceed in the same way to find the number of edges from the bottom of a coatom of
$3(B,,) = the number of coatoms in S3(B,,)

=202[2 ()} (2.6)

Hence, from (2.2), (2.3), (2.4), (2.5) and (2.6) we get, the total number of edges in S3(B,,) is,

A2—2+()+2+2+2p+()+2y+u2+()+2y+a+()M2+2+
(=) + 2+ 221(3) + 21+ @+ (Bhrz+ () + 2+ 2(2 + (Bhe+ (B )+2)]
+(%) 2+2+( 22+ 2]+ 22[2+ (B + (D + @ (5) + (G
)2y +2[2 () + Ghe+ () + a1+ 202 () + Ghe+ (52 )+2)
+(EPz+2+ () + 21+ 420202 (5 ) (2.1.2)

A3 = The number of 4 element convex sublattices in S3(B,,)

= The number of B,'s in S3(B,,)
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=The number of B,'s containing 0 + the number of B,'s containing an atom at
the bottom + ....+ the number of B,’s containing a rank n + 1 element at the bottom in
S3(By).

The number of 4 element convex sublattices in S3(B,,) containing 0 as the bottom element is,

22+ (3)+21+ 2[(H)+20+2(3) +(3) v 2.7)

Next, we find the number of 4 element convex sublattices containing an atom as the bottom
element.

Fix an atom x € S3(B,). If x is the bottom element of the left copy of S3(B,,), then [x,1] =
S2(B,). Therefore, the number of B,'s containing x at the bottom is 2[(?) +2]+ 2 (711) +

(%).Similarly, the number of B,’s containing the bottom element of the right copy is 2[(711) +
n n
21+2(5)+(3)

If xis in the middle copy ofS3(B,), then, [x,1] ={{S?(B,) ifx €
extreme copies of middle copy of S3(B,), S®(B,_1) ifx middle copy of middle copy S*(B,)}}

If [x,1] = S2(B,)) , there are Z[G) +2]+2 G) + (g) B,'s in both extreme copies. Totally,
2{2[(2) +2]+ 2 (E) + (E)} such B,'s . If [x,1] = S3(B,,_,), then the number of B,'s

contalnlngx|52[2+( )+2]+2[( )+2]+2( )+( . ) Thereare2+( )such
elements, therefore, the total number of B,'s containing all the atoms at the bottom in the

middle of the middle copy is 2(2[(3)+2]+ 2(%)+ )+ @+ (Ehizl+ (52) +
2] + 2[( ) +2]+2 ("—Il) + (”T"l)}

Therefore, the number of B,'s containing all the atoms of S3(B,,) is, 2[2[(3) +2]+ 2 (3) +
B+ 20(3) + 21+ 2(5) + Ep+ @+ G+ (352) + 21+ 2((%) + 21+

2(57)+ (50

Next, fix an element x of rank 2 in S3(B,))
If x is in the left copy of S3(B,,).
Then, [x, 1] = S(B,),ifx € an extreme copies of leftcopy of S3(B,)
= S%2(B,_,),ifx € middle copy of left copy of S*(B,)
If [x, 1] = S(B,,), the number of B,'s from x is 2 (?) + (g) There are 2 such extreme copies.

Totally, 2(2 (=) + (Z)) such B,'s in the extreme copies of left copy.
1 2
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If [x,1] = S?(B,_,), then the number of B,'s from x is 2(( )+ 2) + 2( )+ ("2;1)
There are 2 + (I) such elements x of rank 2in the middle of the left copy. Therefore, the
total number of B,'s containing a rank 2 element at the bottom in the left copy is, 2(2 (?) +

(%))(2 + (%))[2(( ) +2)+2 ( ) + ("7_1)] Similarly, we have the same number in the
right copy. Therefore, the total number of B,'s containing a rank 2 element at the bottom in

the extreme copies = 2(2 G) + (%))(2 + (%))[2(( ) +2)+42 ( ) + ("T_l)]

If x is in the middle copy of S3(B,,), then
[x,1] = S?(B,_,),ifx € an extreme copies of middle copy of S3(B,)

= S3(B,_,),ifx € middle copy of middle copy of S*(B,,)

If [x,1] = S2(B,,_,), there are 2(( )+ 2)+ 2( )+ (E) B,'s with x at the bottom.
There are 2 + (I) such x's. Totally, 2 + ( ) {2((” 1) +2)+2 ( ) ("T_l)} B,'s in the
extreme copies of the middle copy.

If [x, 1] = S3(B,_,), then the number of B,'s containing x is 2[2 + ( ) + 2]+ 2[(”—12) +

2]+ 2 (T) + (T) There are 2 (I) (5) such elements x of rank 2 in the middle of the
middle copy. Therefore, the total number of B,'s containing a rank 2 element at the bottom in
the middle of the middle copy is (2(%)+ (SN 2[2+ (22) + 21+ 2[(*32) + 2] +
2(”—;2) + (nT_Z)] Therefore, the number of B,'s in the middle copy containing all the
elements of rank 2 in the middle copy is, 2{(2+ (E)) {2((E) +2)+2 (nT_l) +
(nT_l)}} +(2( ) ( ))[ 2[2 + ( ) + 2] + 2[( )+ 2]1+2 ( ) (nz;z)] Therefore,
the total number of B,'s containing all the rank 2 elements in S3(B,,) is, 2{2{2 G) + (g) }+
C+(EPr(E) +2+2(5) + () +20@+ Chri(®=) +21+2(%2) +

(T + @)+ Ghiiz+ ((5) + 2 +2(F) + 21+ 2 () + ()

In the same manner, the total number of B,'s containing all the rank 3 elements in S3(B,,) is,

2(2+ (2 (7)) + (FI+ @ (3)+ GhR) + 2+ 2(F) + (T +
2(2(5)+ G122+ (5 +2(5) + () + @ (5) + (Ghratz+ () + 21+

() +20+2()+ (=) (2.10)
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Proceeding like this, we find the number of B,'s containing all the rank n + 1 element at the
bottom in S3(B,) = the number of rank n+ 1 elements in S3(B,) = 2{2[2 (H"Tz) +

(n+2(Ep+e(=) .11

Hence, using (2.7),(2.8),(2.9), (2.10) and (2.11) we get the total number of 4 element convex
sublattices in S3(B,,) is

Arﬂﬂ(%ﬂ+M)HH2® (5) +2121(3) +2 ()(ﬁ+
2(2((3) +2 ()(ﬁﬂﬂ(mm+()ﬂﬁﬂﬁﬁ +2(07)+
( )}+2{2{2() ()}+(2+())[2(( )+2)+2( )+(”21)}+2{(2+
GDEI() + 21+ 2(F7) + (5B + @(5) + Gtz + ((7) + 20+ 21(*7) +
2+2 (") + (N +20@ + (P () + (MH@O+®>()
2 +2(7)+ (T + () + G+ (TN +2(F) + (P + () +
Q)pp+( )+ﬂ+2( )+ﬂ+2( ) ( ﬁ+ +N22n2) ( )

2(p+22(5)] (2.13)
Proceeding like this, we find that A4, 4s, .... An43

ap=22(5)+ 2 +2(5) + G+ 22(5) + G +2(5) + (5) +222(5) +
N+2(5)+ GEh+2e2(G)+ Gn+2()+ G+ @+ Ghrr(s) +2 +
() + (5 MHB&?%%M+GH+€W+MQO Gh+a+
( T +2(F) + (T e+ (Gher () + (5N +
(7)) + %%H@@ Ghrzii(5?) + 21 +2(73) + (5N +22(7F) +
TN +2(0) + (5N 222 () + (N + 2 () + G + 202 () +

__J]+2(;;) .............. (2.1.4)

In the same manner, 4,,,; =The number of convex sublattices of rank n in S3(B,,)

=202 (%) + (5D +2 () + () +22(05) +
GE+2(h) +2ee () + G +2(5n +2r () + G+ 2G5+
[2

2
2

e+(Eprre(S)+2(35) + (35N +22 () + 222 (5 )+ @+
B ee(E=)hn+20e+ e+ (3) + Gk (C2)m +2((3) +
20+2(5) + Gh+22() + GN+2() + ()

........ (2.1.5)

2106
Vol. 71 No. 3s2 (2022)

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Aniz = 2022 () + (=) + 2 ()3 + 202 ()1 + 20202 (- )]}+2{2[( )3+
@+ (Gpree () 2+ G +2+2E) +2() + () 210

Anrs =20202(Z5)B 42+ (B)+2+2 (2.1.6)

Case(i): Suppose that n is odd. Therefore, n + 4 is odd.

Ay = Ay + Ag= . ~Aniy + Apiy = Ama = 142+ (B) 4242+ 22+ () + 2] +
2|(D)+2]+2(5)+ () +22[() + 2]+ 2(5) + )+ 2[2(5) + O]+ 2(5) + (5)+
22[2(5)+ ()] +2(5)+ () +2[2(5) + G| +2(5) + (B) + =+ 22[2(35) +
G+ 2()+ G5 +2[2(5) + (5] + 2 () + 22[2 () + (G5)) +
2()+2f2(2) ]+ 222 ()| +1-2+ (B) +2+2+22+ (B) + 21+ 2[2+
B +21+@+(Epr+2+ () +2+220(3) + 2+ @+ (Ehrz+ () + 21+

n

2[2+ (2he+ () + 21+ @(3) + Bz +2+ (B2) + 21+ 22[2 + ()2 +
(E=D1+ @(B) + G+ (B2) +2n+21(B) + Ghe+ (52) + a1 +2(@ (2) +
Epe+ (=) +21+(3) + (Ehiz+2+ (52 + 20+ +202[2 (- )y + 2[2 +
B +20+2(() +20+ 2(5)+(E)+220() +21+ 2(3)+(E)1+2(() +21+

(D +Ch+e+(Gher+ (F)+2a+2(7) +2a+2(57) + (7 )+
222(3)+ (5)3+ @+ (GPr(Z) +2+2(5) + (B + 2(2 +

GPICT) +2a+2(7) + (T + @) + Ghrz+ () + 21 +2((7) +

mw%%)HWHw()(JMMJOMH)

2 +2 (") + (T +202 () + Ghreiz+ (PN +2(7) + () +2(G) +
g + ()22 () + R+

(g))[2[21(§)+2]+2[( )+2]+2( %) 1(2 ]
+2 Gh+2i2()+ Gn+2(5)+()+

22 2r() v +2(5) +
ZWG%)()WHQOG)()WW+
(D) + 2 +2(7) + (TN +22(F) + (T +2(7) + (50 +
ZWQEMGNMN)(DH()QWMW

(TN+2(5) + (5 + @) + Ghrii(*) + 2 +2 () +
Fﬁb 2(%7) + (w2022 () + G+ 2 () +
()

—)]

SN

)i+
(Eh+2(Z) - 2ee()+ (R +2 () + ()
2(-5)+ 222 (5) + () +2 () + 20202 () +
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(=) 2N+ +
222 (= + e+ (3 e ))}}+2{<2+()){2 = +e()+
GheteGZ)m +2ei(3) +2 ()(ﬁ+“§)() 2(3)+(5)+

2022 () + (=) +2(C )+2[( )1+ 2202 (- J}+zp (=) +@+

Ghree(z)m 22+ (+2+205) +2() + () - 22 (En+2+ () +

2+2

() +2(Ep+ e+ (ke (5) +2

n—1

=0.

Case(ii): Suppose that n is even. Therefore, n + 4 is even.

Ay = Ay + A=t Ay —Apgs + Ans = 142+ () 42+ 2+ 22+ (2) + 2] +

2|(§)+2]+2(5)+ G) +22[()) + 2] +2(5) + () +2[2(5) + B)] + 2 (5) + (5) +
G+ 2() + () +2[2(5) + 5] + 2 () + 22[2 () + (G5)] +
2()+2f2( )]+ 222 ()| +1-2+ (B) +2+2+22+ (B) + 21 + 202+
2[2+ (3 + () + 21+ @(3) + ()l + 2+ (2) + 21 + 22[2 + (32 +
§”1)]+(2() Chrz+(=2) +2n+2(2(3) + Ghe+ (52) + 01 +212(2) +
( +2]+2[(1)+2]+ 2()+(’21)+2[2[()+2]+ 2() ()]+2{2[(§)+2]+
2(H)+ G+ e+ (Eper+ () + 2+ 23 + 2+ 2(5) + (B +
2(2(2 :
@vﬁrmﬂﬁﬁ(mﬁd)QWWI)HHW%+
o)+ (e )+ Ghre+ (N +2(5)+ (Fm+ )+
(Epriz+(%2) +21+2[(%2) + 21 + 2 (=2 )+((";3)]+ +2{2[(f2)+(£]+
)Gﬁ”@)(ﬁ”ﬁ()(%+4)(ﬁ+@+
(P + 2+ 2(07) + (5N + 22 (F) + (5N +2(57) + (50 +
(D@ () + (2 +2(5) + (50 + @ 2) + (DI(5) + 21+ 2(52)
Vol. 71 No. 3s2 (2022) 2108

22[2(5)+ ()] +2(5)+ () +2[25) + G| +2(5) + (B + -+ 22[2(35) +
(B +20+@+(Epr+2+ () + 21+ 22((5) + 21+ @+ 3z + (52) + 211 +
%@+( D421+ @)+ (Epr+2+ () + 21+ -+ 222 () + 202+
)
G
(1) + G+ @+ (hrs) + o +2(5) + (F)n+ 2@+
)
mﬂf?()ﬂ%ﬂ@)()(ﬂ%@@(wm%?
Mﬁ) 20 2+ +2()+ GNraz()+ Gn+2()+(5)+
212 ("7
D+ e+ (hre(y)+ (Fh+2(5) + (T e+
+ (2
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N+ a2 () + (N +2 () + (520202 () + () + 2 () +
S22 () + G+ 2 () o 20 () + () +2(G5) + G+
22 () + (o + 2 () + 222 () + () + 2 (o) + 2202 () +
GEN+2(Eh+ e+ (Ghere(E) +2(5) +2 (N + 22 (5m +
222 (= p+ e+ (G ecC)n+ e+ (Gher(S)n+e(3) +

(Eheriz (G +21() + 21 +2(3) + Gh +22(3) + G +2(5) + (5) +
222 () + (= +2 (22 () + 22 () + 2R () + @+

(rer(z)m -2+ Gh+a+2E)+2()+ ()« 2er@En+z+

()+2+2
1
= 2.
Hence the interval [@, S3(B,,)] has the same number of elements of odd and even rank.

Though in the above theorem we have proved that CS[S3(B,)] is Eulerian, it is
neither Simplicial nor dual simplicial.

CS[S3(B,)]is not dual simplicial since, the upper interval [{1},53(B,)]in
CS[S3(B,)]contains 8(&) number of atoms which is greater than n + 3, the rank of
[{1},S3(B,)],implying that [{1}, S3(B,,)]is not Boolean.

CS[S3(B,)]is not simplicial since, the lower interval [@, S3(B,,)] where 1, is the left

extreme atom of S3(B,,) contains 33.2™ — 26 number of atoms by Lemma 2.1, which cannot
be equal to n + 3, the rank of [@, [[; ,1]], implying that [@, [, ,1]] is not Boolean.

Conclusions

In this paper, we have proved that CS[S3(B,)]is an Eulerian lattice under the set
inclusion

relation which is neither simplicial nor dual simplicial, if n > 1. We strongly believe that
the result proved in this paper, can be extended to more general Eulerian lattices and any
other general lattices.
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